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PENSIEVE

Three categories for j:

DIFF :DCF,
MOD :Th" ( j_)
ARITHM :Gal(K/K)
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» The problem of the domain - Instability, convergence

» The problem of algebraicity
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» The problem of the domain - Instability, convergence

» The problem of algebraicity

» The Freitag-Scanlon / Aslanyan theory - differential
approach to the model theory of j, Ax-Schanuel
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universal j
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The problem of the domain - Instability, convergence
The problem of algebraicity

The Freitag-Scanlon / Aslanyan theory - differential
approach to the model theory of j, Ax-Schanuel

The sheaf theoretic question: sheaves of Harris
frameworks? Differential sheaves? Connection to
universal j

The Gendron extension of j is sheaf-theoretic in nature;
what kind of framework may mix it? We want a
Harris-style framework for quantum j, and with Zilber,
we have partial results in that direction
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A DREAM?

C, Os,0) — (C,+,-



A midsummer dream: the global j-mapping Notes around the categoricity of classical j-functions Towards Quantum j invariants
0000000000000 000000 0000000000000 000000

A DREAM?

(C. Osyq) —2+ (C,+, )

(F1, Ost,(0) —= (F2, Osty(0)

lﬁl ljfz

(F17+7') r (F27+7')
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CLASSICAL j INVARIANT
Klein defines the function (we call)
“classical j”
j:H—=C

(where H is the complex upper
half-plane)
through the explicit rational formula

j(r) =128 g(7)° The fundamental domain
82(7)* — 27g3(7)? of the modular group
acting on H

with g, and g5 certain rational functions
(Eisenstein functions).
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CLASSICAL j

Recall a definition of classical j:

if p € H, A(u) = Z + Zp is the p-lattice, and the classical torus
associated to p is T(u) := C/A(u). (This is also a Riemann surface.)
Now, T(u) is equivalent to the elliptic curve E(y) given by

Y2 =X — g(u)X — gs(p).

Here, let Gy (u) := 207&76/\(“) 2k k > 2 (the so-called
Eisenstein series), then g,(1) = 60 - Go(1)g3 (1) = 140 - G3(p).
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BASIC FACTS ABOUT j

The following are equivalent:

1. There exists s — z Z € SLy(Z) such that s(7) = 7/,
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BASIC FACTS ABOUT j

The following are equivalent:

b
d

2. T, ~ T, (elliptic curves — classical tori — isomorphic as
Riemann surfaces), where T, := C/A;,and A, = (1,7) < Cis
a (group) lattice.

1. There exists s = [ z ] € SLy(Z) such that s(7) = 7/,
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BASIC FACTS ABOUT j

The following are equivalent:

b
d

2. T, ~ T, (elliptic curves — classical tori — isomorphic as
Riemann surfaces), where T, := C/A;,and A, = (1,7) < Cis
a (group) lattice.

3. (1) = i(7)

1. There exists s = [ z ] € SLy(Z) such that s(7) = 7/,
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CLASSICAL GEOMETRY / ARITHMETIC AND j

Classical j is therefore an invariant of tori (=elliptic curves) with the
following additional advantages:

» It has an explicit formula
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CLASSICAL GEOMETRY / ARITHMETIC AND j

Classical j is therefore an invariant of tori (=elliptic curves) with the
following additional advantages:

» It has an explicit formula

» It is a “modular function” of SL;(Z) - invariant under the action
of that group (it captures “isogeny”)



A midsummer dream: the global j-mapping Notes around the categoricity of classical j-functions Towards Quantum j invariants
000®000000000000000 0000000000000 000000

CLASSICAL GEOMETRY / ARITHMETIC AND j

Classical j is therefore an invariant of tori (=elliptic curves) with the
following additional advantages:

» It has an explicit formula

» It is a “modular function” of SL;(Z) - invariant under the action
of that group (it captures “isogeny”)

» It is associated to the study of the endomorphism group
End(E), for an elliptic curve E.
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CLASSICAL GEOMETRY / ARITHMETIC AND j

Classical j is therefore an invariant of tori (=elliptic curves) with the
following additional advantages:

» It has an explicit formula

» It is a “modular function” of SL;(Z) - invariant under the action
of that group (it captures “isogeny”)

» It is associated to the study of the endomorphism group
End(E), for an elliptic curve E.

» (Schneider, 1937): if 7 is a quadratic irrationality then j(7) is
algebraic of degree hr k.
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CLASSICAL GEOMETRY / ARITHMETIC AND j

Classical j is therefore an invariant of tori (=elliptic curves) with the
following additional advantages:

» It has an explicit formula

» It is a “modular function” of SL;(Z) - invariant under the action
of that group (it captures “isogeny”)

» It is associated to the study of the endomorphism group
End(E), for an elliptic curve E.

» (Schneider, 1937): if 7 is a quadratic irrationality then j(7) is
algebraic of degree hr k.

» if 2™ is algebraic then j(7), j/(TT), ﬂﬂ# are mutually

transcendental (weak Schanuel-like situation).
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Jj-FUNCTIONS & MODEL THEORY (TOWARD CATEGORICITY)

Adam Harris provides the following theory of classical j invariants:

» An axiomatization in L, ,, of j



A midsummer dream: the global j-mapping Notes around the categoricity of classical j-functions Towards Quantum j invariants
0000800000000 000000 0000000000000 000000

Jj-FUNCTIONS & MODEL THEORY (TOWARD CATEGORICITY)

Adam Harris provides the following theory of classical j invariants:

» An axiomatization in L, ,, of j

» A convoluted proof of categoricity of this version of j
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J-FUNCTIONS & MODEL THEORY (TOWARD CATEGORICITY)

Adam Harris provides the following theory of classical j invariants:

» An axiomatization in L, ,, of j
» A convoluted proof of categoricity of this version of j

» Generalization of this analysis to higher dimensions
(Shimura varieties).
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Jj-FUNCTIONS & MODEL THEORY (TOWARD CATEGORICITY)

Adam Harris provides the following theory of classical j invariants:

» An axiomatization in L, ,, of j

» A convoluted proof of categoricity of this version of j

v

Generalization of this analysis to higher dimensions
(Shimura varieties).

v

Analogies to pseudoexponentiation (“Zilber field”) are
strong, but the structure of j seems to have a much higher
degree of complexity even than exp.
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j IS ALSO A “COVER’...

An L, ., axiomatization of j:
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j IS ALSO A “COVER’...

An L, ., axiomatization of j:
Let L be a language for two-sorted structures of the form

2(:< ) ) >
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j IS ALSO A “COVER’...

An L, ., axiomatization of j:
Let L be a language for two-sorted structures of the form

A = ( ,(F,+,-,0,1), )

where (F,+,-,0,1) is an algebraically closed field of characteristic
05
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j IS ALSO A “COVER’...

An L, ., axiomatization of j:
Let L be a language for two-sorted structures of the form

22(:<<I_I {gi}i€N>=<F7+a'7071>7 >

where (F,+,-,0,1) is an algebraically closed field of characteristic
0, (H;{gi}ien) is a set together with countably many unary function
symbols (the group action),
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j IS ALSO A “COVER’...

An L, ., axiomatization of j:
Let L be a language for two-sorted structures of the form

Q(:<<I_I {gi}i€N>=<F7+a'7071>7 >

where (F,+,-,0,1) is an algebraically closed field of characteristic
0, (H;{gi}ien) is a set together with countably many unary function
symbols (the group action), and connecting the group
action sort and the field sort.
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j IS ALSO A “COVER’...

An L, ., axiomatization of j:
Let L be a language for two-sorted structures of the form

Q[:<<I_I {gi}i€N>=<F7+a'7071>7 >

where (F, 4+, -, 0, 1) is an algebraically closed field of characteristic
0, (H;{gi}ien) is a set together with countably many unary function
symbols (the group action), and connecting the group
action sort and the field sort.

Really, j is a “cover” from the action into the field.
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THE L, ,,-AXIOM - CRUCIAL POINT: STANDARD FIBERS OF
THE COVER j

Let then
The, w(j) == Th(C)) UVxVy(j(x) = j(y) — \/ x=7(y))

for C; the “standard model” (H, (C,+,-,0,1),j: H— C).
This captures all the first order theory of j (not the analyticity!) plus
the fact that fibers are “standard” (“fibers are orbits”)
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CATEGORICITY OF CLASSICALj

Theorem (Harris, assuming a form of the Mumford-Tate Conj.)
The theory T (j) := Thy,, «,(j) + trdeg(F) > X is categorical in all
infinite cardinalities.
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CATEGORICITY OF CLASSICALj

Theorem (Harris, assuming a form of the Mumford-Tate Conj.)
The theory T*°(j) := Thy, ,(j) + trdeg(F) > X, is categorical in all
infinite cardinalities. Le., given two models of same cardinality

M1>M2 ): TOO(]):

Wlth Mi = (HiaFiaji . Hi — Fi)’ H (Hh {g]}]€N> (Fla +l; la ) )s
there are isomorphisms ¢y, ¢ such that

Hy - H,

b
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CATEGORICITY OF CLASSICAL j (HARRIS):

In his proof, Harris uses a combination of model theory and
arithmetic geometry.
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CATEGORICITY OF CLASSICAL j (HARRIS):

In his proof, Harris uses a combination of model theory and
arithmetic geometry.
Model Theory:
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CATEGORICITY OF CLASSICAL j (HARRIS):

In his proof, Harris uses a combination of model theory and
arithmetic geometry.
Model Theory:

» Quasiminimal abstract elementary classes. These must be
categorical (the model theory of these harks back to results of
Shelah from the late 1980s - excellent classes, then combined
with quasiminimal classes and much more dramatically
simplified - in some cases - by Bays, Hart, Hyttinen, Keséla and
Kirby). [Linguistic closure, homogeneity, uniqueness of generic,
CC, alg. control.]
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CATEGORICITY OF CLASSICAL j (HARRIS):

In his proof, Harris uses a combination of model theory and
arithmetic geometry.
Model Theory:

» Quasiminimal abstract elementary classes. These must be
categorical (the model theory of these harks back to results of
Shelah from the late 1980s - excellent classes, then combined
with quasiminimal classes and much more dramatically
simplified - in some cases - by Bays, Hart, Hyttinen, Keséla and
Kirby). [Linguistic closure, homogeneity, uniqueness of generic,
CC, alg. control.]

» On the way to the previous, reduction of types of elliptic curves

to the torsion information, readable by limits of N-covers on
the field structure. A quite strong form of QE.
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CATEGORICITY OF CLASSICAL j (HARRIS):

In his proof, Harris uses a combination of model theory and
arithmetic geometry.
Model Theory:

» Quasiminimal abstract elementary classes. These must be
categorical (the model theory of these harks back to results of
Shelah from the late 1980s - excellent classes, then combined
with quasiminimal classes and much more dramatically
simplified - in some cases - by Bays, Hart, Hyttinen, Keséla and
Kirby). [Linguistic closure, homogeneity, uniqueness of generic,
CC, alg. control.]

» On the way to the previous, reduction of types of elliptic curves
to the torsion information, readable by limits of N-covers on
the field structure. A quite strong form of QE.

> A theorem by Keisler on the number of types of categorical
sentences of L, ... (this will give a surprising twist).
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CATEGORICITY OF CLASSICAL j (HARRIS):

An instance of the adelic Mumford-Tate conjecture for products of
elliptic curves to show this. The strategy to build an isomorphism
between two models M and M’ consists (as expected) in

» Identifying dcl™ () with del™ (@) to start the back-and-forth argument.
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CATEGORICITY OF CLASSICAL j (HARRIS):

An instance of the adelic Mumford-Tate conjecture for products of
elliptic curves to show this. The strategy to build an isomorphism
between two models M and M’ consists (as expected) in

» Identifying dcl™ () with del™ (@) to start the back-and-forth argument.

> Assume we have (x) ~ (') and take new y € M — we need to find y € M’
to extend the partial isomorphism (satisfying the same quantifier free type)
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CATEGORICITY OF CLASSICAL j (HARRIS):

An instance of the adelic Mumford-Tate conjecture for products of
elliptic curves to show this. The strategy to build an isomorphism
between two models M and M’ consists (as expected) in

» Identifying dcl™ () with del™ (@) to start the back-and-forth argument.

> Assume we have (x) ~ (X’) and take new y € M — we need to find y/ € M’
to extend the partial isomorphism (satisfying the same quantifier free type)

» realizing the field type of a finite subset of a over any parameter
set (algebraicity of modular curves)....
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CATEGORICITY OF CLASSICAL j (HARRIS):

An instance of the adelic Mumford-Tate conjecture for products of
elliptic curves to show this. The strategy to build an isomorphism
between two models M and M’ consists (as expected) in

» Identifying dcl™ () with del™ (@) to start the back-and-forth argument.

> Assume we have (x) ~ (X’) and take new y € M — we need to find y/ € M’
to extend the partial isomorphism (satisfying the same quantifier free type)

» realizing the field type of a finite subset of a over any parameter
set (algebraicity of modular curves)....

» then show that the information in the type is contained in a finite subset
(“Mumford-Tate” open image theorem used here) ... every point 7 € H
corresponds to an elliptic curve E — the type of 7 is determined by algebraic
relations between torsion points of E.
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KEISLER’S THEOREM, AND ITS CONSEQUENCE IN ARITHMETIC
GEOMETRY

Theorem (Keisler)

Ifan L., .,-sentence 1 is Ny-categorical then the set of complete
m-types realizable in models of i) is at most countable.

This theorem in infinitary logic is now very classical (from the late
1960s). It has a surprising recent application (due to Harris) in the
proof of the equivalence between the categoricity of the

L., o-theory Th*>(j) and a statement about a group homomorphism
having finite index:



A midsummer dream: the global j-mapping Notes around the categoricity of classical j-functions Towards Quantum j invariants
000000000080 0000000 0000000000000 000000

KEISLER’S THEOREM, AND ITS CONSEQUENCE IN ARITHMETIC
GEOMETRY

Theorem (Keisler)

Ifan L., .,-sentence 1 is Ny-categorical then the set of complete
m-types realizable in models of i) is at most countable.

This theorem in infinitary logic is now very classical (from the late
1960s). It has a surprising recent application (due to Harris) in the
proof of the equivalence between the categoricity of the

L., o-theory Th*>(j) and a statement about a group homomorphism
having finite index:

Theorem
If Th; (p) is categorical, then the image of the homomorphism

Aut(C/L) - T"
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IDEAS/TRANSLATIONS/QUESTIONS TO THE GEOMETERS

1. Original context: Galois representation on the Tate module of
an abelian variety A (limit of torsion points). Conjecturally, the
image of such a Galois representation, which is an ¢-adic Lie
group for a given prime number /, is determined by the
corresponding Mumford-Tate group G (knowledge of G
determines the Lie algebra of the Galois image).

2. Unfolding categoricity through the geometry seems to be the
main question at this point - one that the Zilber school has
pushed quite far but is still in its infancy.

3. Connection to properties of extendability of local sections to
global sections (in sheaf cohomology)
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SAME PICTURE, MUCH MORE GENERAL

Generalizing a bit the previous (but the picture is the same):

» Samodular curve: H/I" where I is a “congruence subgroup” of

GL2(Q),
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SAME PICTURE, MUCH MORE GENERAL

Generalizing a bit the previous (but the picture is the same):

» Samodular curve: H/I" where I is a “congruence subgroup” of

GL2(Q),

» X+ aset with an action of G*¢(Q)™,
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:

SAME PICTURE, MUCH MORE GENERAL

Generalizing a bit the previous (but the picture is the same):

» Samodular curve: H/I" where I is a “congruence subgroup” of
GL2(Q),
» X+ aset with an action of G*¢(Q)™,
» p: X" — S(C) satisfies
» (SF) Standard fibers,
» (SP) Special points,
» (M) Modularity.
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SAME PICTURE, MUCH MORE GENERAL / THE BOoGOTA
SEMINAR

If any other map q: X™ — S(C) also satisfies SF, SP and M, then
there exist a G*(Q)*-equivariant bijection ¢ and o € Aut(C) fixing
the field of definition of S such that

Xt xt

P

$(C) —=5(C)
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DIFFERENTIAL CONTEXT FORj
j satisfies the following order three algebraic differential equation:

F(x,x', %", x") = Sx + R(x)(x')* = 0

where S is the Schwarzian
"n AN
X 3 /x
Sx=———-| —
x! 2\ x

x% — 1968x + 2654208
2x?%(x — 1728)?

and
R(x) =
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DIFFERENTIAL CONTEXT FORj

j satisfies the following order three algebraic differential equation:

F(x,x', %", x") = Sx + R(x)(x')* = 0

where S is the Schwarzian
"n AN
X 3 /x
Sx=———-| —
x! 2\ x

x% — 1968x + 2654208
2x?%(x — 1728)?

and

R(x) =
Let
J(K) == {F(x, ¥, x",x"") = 0},

where K = (K; +,-,,0,1) a differentiably closed field with field of
constants C.
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AX-SCHANUEL FOR j AND DERIVATIVES

Two elements a and b in a field are modularly independent if
®n(a,b) # 0 forall N > 0 - Oy is the modular polynomial.

(for any ji, - - - ,j in J, the transcendence degree of C(j, ', j") over C
is equal to the number of different Hecke orbits of ji, - - - , j,.
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AX-SCHANUEL FOR j AND DERIVATIVES

Two elements a and b in a field are modularly independent if
®p(a, b) # 0 forall N > 0 - Oy is the modular polynomial.

Theorem (*15 Pila-Tsimermann (Ax-Schanuel for j with

derivatives))

Let ji,- - - , jn be pairwise modularly independent elements of 7.
Then, ji, - s JnsJis " simdis " 5 Jn are algebraically independent
over C.

(for any ji, - - - ,j in J, the transcendence degree of C(j, ', j") over C
is equal to the number of different Hecke orbits of ji, - - - , j,.
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FREITAG-SCANLON / ASLANYAN

In 2014, Freitag and Scanlon proved that J is strongly minimal and
has trivial geometry. Their proof used Nishioka and a criterion of
superstability due to Shelah.

In 2016, Aslanyan simplified the proof by relying on the
Pila-Tsimermann result.
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FREITAG-SCANLON / ASLANYAN (SKETCH OF PROOF)

Want: any definable subset of 7 is finite or cofinite. Let U C ¥ be
definable. By stable embedding, U is definable with parameters from
F-let A={ay,- - ,an} C Jbesuchthat U= o(F, a1, - ,an).
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FREITAG-SCANLON / ASLANYAN (SKETCH OF PROOF)

Want: any definable subset of 7 is finite or cofinite. Let U C ¥ be
definable. By stable embedding, U is definable with parameters from
F-let A={ay,- - ,an} C Jbesuchthat U= o(F, a1, - ,an).
Enough to show that 7 realizes a unique non algebraic type over A.
Let a1, a; € 7\ acl(A). Let j € F\ acl(A). Notice that

acl(4) = (Q(A))"¢ = (Q(a, @, @))%,



A midsummer dream: the global j-mapping Notes around the categoricity of classical j-functions Towards Quantum j invariants
000000000000 00000e0 0000000000000 000000

FREITAG-SCANLON / ASLANYAN (SKETCH OF PROOF)

Want: any definable subset of 7 is finite or cofinite. Let U C ¥ be
definable. By stable embedding, U is definable with parameters from
F-let A={ay,- - ,an} C Jbesuchthat U= o(F, a1, - ,an).
Enough to show that 7 realizes a unique non algebraic type over A.
Let a1, a; € 7\ acl(A). Let j € F\ acl(A). Notice that

acl(A) = (Q(A))¥e = (Q(a, d, d"))*®. Now j is transcendental over
Q(A), so modularly independent from each g;. By Ax-Schanuel for
differential j, j, j/, j are algebraically independent over acl(A).
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FREITAG-SCANLON / ASLANYAN (SKETCH OF PROOF)

So, tp(j/A) is determined by
F(j,j',j"7") =0

together with

{P(.J,J") # 0| P(X,Y,Z) € Q(a,d,d")[X, Y, Z]}.
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FREITAG-SCANLON / ASLANYAN (SKETCH OF PROOF)

So, tp(j/A) is determined by
F(j,j',j"7") =0
together with

{P(.J,J") # 0| P(X,Y,Z) € Q(a,d,d")[X, Y, Z]}.

This gives the strong minimality.
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FREITAG-SCANLON / ASLANYAN (SKETCH OF PROOF)

So, tp(j/A) is determined by

F(,JJ",J") = 0

together with

{P(.J,J") # 0| P(X,Y,Z) € Q(a,d,d")[X, Y, Z]}.

This gives the strong minimality.

The triviality: using the same argument, if A C ¥ (finite) and

j € FUacl(A) then there is a € A such that j € acl(a).

The failure of Ny-categoricity: if j € § then for each w € K, if
®n(j, w) = 0 then w € J. J therefore realizes uncountably many
types over j.
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NOW,

VERSIONS OF |

L 3
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THREADING FINER ON THE DEFINITION OF CLASSICAL ]
Recall: if u € H, A(u) = Z + Zp is the p-lattice, and the classical
torus associated to p is

T(p) == C/A(p).

(This is also a Riemann surface.)
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THREADING FINER ON THE DEFINITION OF CLASSICAL ]
Recall: if u € H, A(u) = Z + Zp is the p-lattice, and the classical

torus associated to p is
T(p) == C/A(p).

(This is also a Riemann surface.)

Now, T(u) is equivalent to the elliptic curve E(u) given by
Y2 = X3 — go(u)X — g3(u). Here, let

Gr(p) :== Z A2k k>2
0£YEA ()

(the so-called Eisenstein series), then

82(p) = 60 - Gp ()

g3(p) = 140 - G3(p).
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TOWARD QUANTUM TORI: FROM C TO R

Let § € R\ Q, and let Ag be the pseudo-lattice (1, #) (the subgroup
of R given as Ay := Z + Z - §). The quotient

T(0) := R/Ag

is the “quantum torus”, associated to the irrational number 6. It is a
one-parameter subgroup of the (classical) torus T(i)... and also a
Riemann surface.
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GETTING HOLD OF QUANTUM VERSIONS OFj

The problem:
» New definition domain (from H to R \ Q)
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GETTING HOLD OF QUANTUM VERSIONS OFj

The problem:
» New definition domain (from H to R \ Q)

» Topological issues resulting from the much more chaotic
behavior of R - continuity lost in first approximations
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GETTING HOLD OF QUANTUM VERSIONS OFj

The problem:
» New definition domain (from H to R \ Q)

» Topological issues resulting from the much more chaotic
behavior of R - continuity lost in first approximations

» Rational expressions (multivalued functions now - perhaps the
average of the (finite?) set of values is the robust invariant).
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AN EXAMPLE OF A SHEAF CONSTRUCTION / UNIVERSALj

Gendron proposes a detailed construction of a sheaf over a
topological space, and a generalization of classical j called “universal
j-invariant” - a specific section of a sheaf.
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THE SPECIFIC CONSTRUCTION OF UNIVERSALj

(Castarfio-Bernard, Gendron)
Let *Z := ZN /u for some nonprincipal ultrafilter u on N. Define

H := {[F] C *Z* hyperfinite }.

This set is partially ordered with respect to inclusion so we may
consider the Stone space

R := Ult(H).
For each p € R and i1 € H one may define the j-invariant

Jj(p, )

as follows:
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THE CONSTRUCTION

The idea: the classical j-invariant is an algebraic expression
involving Eisenstein series which is a function of n € H. We can
associate to [F;] C *Z? a hyperfinite sum modelled on the formula of
the classical j-invariant, denoted

We get a net
U ir) b ryen € C.

Consider the sheaf °C — R for which the stalk over p is
Then we may define a section:

j: HxR-— OC’ j(u7p) = {J(IU’)[F;]}[F;]GH/]J
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GROUP ACTIONS - CHOOSING AN IRRATIONAL ANGLE

What really is at stake in these constructions is the invariance under
various group actions.

For each 0 € R there is a distinguished subset Ry C R of ultrafilters
which “see” 0:

Ro = {p| p D cy}

where ¢y is the cone filter generated by the cones
coneg([Fi]) = {[F) > [F]| [F] C [F] € "Z*(0)}.
In the above,

*Z2(0) = {(*nt,*n)| *nh — *nt ~ 0}.
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:

RESTRICTING TO QUANTUM AND CLASSICALj

The quantum j-invariant is defined as the restriction:
J(0) = jlr, (i, ).

If we denote
Ra = {p[p>c}
where ¢ is the filter generated by all cones over hyperfinite sets in
*ZZ:
cone([F]) = {[F]' D [F]| [F] ¢ "Z*}.

Then the restriction

i =Ry

satisfies
7 (uap) ~j(n), VpeH,

where j is the usual j-invariant.
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Duarity I

Note the duality in the way of recovering the classical and quantum
invariants:

» the classical invariant is recovered along a unique fiber °H,,
(i-e., a leaf of the quotient of sheaves ]\//Iai),

» the quantum invariant is obtained by fixing the fiber parameter
i € H and letting u € Cone(#) vary: it therefore arises from a
local section defined by i (a transversal of W)
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CONJECTURES

The main goal is to check that if § € R\ Q is quadratic, then
Hilbert’s classfield Hx of K = Q(#) (K’s maximal unramified
extension) equals

K(j(8))-

This would give a solution to Hilbert’s 12th problem for quadratic
real extension (unramified case).

Again, the main point is to prove the analog of “complex
multiplication” (keypoint: the algebraicity of j(x), when

1 € Q(\V/D), for D < 0 square free - and the fact that j(u) essentially
generates the Hilbert classfield H(y) of Q(+/D)).

We conjecture (with Gendron) that for § € R there exists a duality
relation between the classical invariant j(if) and the quantum
invariant j(0).
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DuarLiTy II

More precisely, we associate to j(if)) and j(#) two nets

()t and  {j(0)a}
whose elements are algebraically interdependent. The two nets
converge to a common limit. The classical net {j(if). } lives along a
fixed leaf of ®Mod; the quantum net{j(f), } lives on a fixed
transversal of ®Mod.

» Building a quantum version of j (this is already done by
Castafio-Bernard and Gendron - recent experiments for some
values yield multivalued situations),
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DuarLiTy II

More precisely, we associate to j(if)) and j(#) two nets

()t and  {j(0)a}
whose elements are algebraically interdependent. The two nets
converge to a common limit. The classical net {j(if). } lives along a
fixed leaf of ®Mod; the quantum net{j(f), } lives on a fixed
transversal of ®Mod.

» Building a quantum version of j (this is already done by
Castafio-Bernard and Gendron - recent experiments for some
values yield multivalued situations),

» Proving algebraicity of this new j function, for as many cases as
possible.
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PARALLEL TO OTHER THEMES

There are strong parallels with at least two other themes:

» Computing the values of series in non-standard models of
arithmetics (or fields...) is also carried out (different details but
parallel idea) by Asa Hirvonen and Tapani Hyttinen in their
analysis of Zilber’s computations of Quantum Harmonic
Oscillator and Quantum Free Particle.
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:

PARALLEL TO OTHER THEMES

There are strong parallels with at least two other themes:

» Computing the values of series in non-standard models of
arithmetics (or fields...) is also carried out (different details but
parallel idea) by Asa Hirvonen and Tapani Hyttinen in their
analysis of Zilber’s computations of Quantum Harmonic
Oscillator and Quantum Free Particle.

» The sheaf-theoretic analysis is useful according to Zilber for
“Quantum Weyl Algebras” - limits of Zariski geometries and for
F,-geometry (Cruz-Shaheen-Zilber).
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NEW DIRECTIONS (WITH ZILBER)

The construction of a smooth

(Cy OSLZ(Q)) L> (C7 =+, )

by merging the Harris context with ideas inspired by
Castafo-Bernard—Gendron - controlled by the predimension
function arising from the Ax-Schanuel result.
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THROUGH THE SHEAVES

The current model theoretic analysis of j
looks at two possible extensions:

:CBG

Jgu~ - sheaves - alg.?
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TwO DIFFERENT TOOLKITS

The two directions of generalization (to quantum tori/real
multiplication on the one hand, to higher dimension
varieties/Shimura on the other hand) of j maps calls different aspects
of model theory (at the moment, an “amalgam” has started, but is far
along the way):

» The model theory of abstract elementary classes (in particular,
the theory of excellence - now “old” (1980s) but recently (2013)
streamlined by Bays, Hart, Hyttinen, Kesala, Kirby -
Quasiminimal Structures and Excellence. A kind of
cohomological analysis of models (and types), connected to
categoricity and “smoothness”. Zilber field, now ;!
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TwO DIFFERENT TOOLKITS

The two directions of generalization (to quantum tori/real
multiplication on the one hand, to higher dimension
varieties/Shimura on the other hand) of j maps calls different aspects
of model theory (at the moment, an “amalgam” has started, but is far
along the way):

» The model theory of abstract elementary classes (in particular,
the theory of excellence - now “old” (1980s) but recently (2013)
streamlined by Bays, Hart, Hyttinen, Kesala, Kirby -
Quasiminimal Structures and Excellence. A kind of
cohomological analysis of models (and types), connected to
categoricity and “smoothness”. Zilber field, now ;!

» The model theory of sheaves. A tool for (topological) “limit”
structures.
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CATEGORICITY / COVERS / GALOIS THEORY / ...

Categoricity
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CATEGORICITY / COVERS / GALOIS THEORY / ...

Categoricity

Covers



A midsummer dream: the global j-mapping Notes around the categoricity of classical j-functions Towards Quantum j invariants
0000000000000 000000 0000000000000 000e00

CATEGORICITY / COVERS / GALOIS THEORY / ...

Categoricity

Covers Galois Repr.
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CATEGORICITY / COVERS / GALOIS THEORY / ...

T

Categoricity
\

D

Covers Galois Repr.



A midsummer dream: the global j-mapping Notes around the categoricity of classical j-functions Towards Quantum j invariants
0000000000000 000000 0000000000000 000e00

CATEGORICITY / COVERS / GALOIS THEORY / ...

T

Categoricity Zariski Geom.
\

Covers Galois Repr.
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A GENERAL FRAMEWORK FOR MODULAR FUNCTIONS

Summarizing interactions:

Mumford-Tate | Classical Harris Categoricity
j:H—=C
Algebraicity Quantum Gendron Sheaf Models
Conjecture j:R—=C and Limits
Functional Uniform V., Zilber Sheaf
J: (C,Os1,9) = (C, 4+, ) Categoricity
Mumford-Tate | Shimura curves Daw, Harris Categoricity
modular curves
? Other Cano, Plazas, V. | Categoricity
uniformizing (*)
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(merci de votre attention!)
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