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Ideal (limit) models in Physics - Goals

Various questions (classical and recently posed or revisited) in

Physics, Chemistry and ...

point towards the need of various kinds of

“ideal structures”, and tools of contrast between “real structures”

and those ideal (limit) structures.
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ex 1 - Zilber: Structural approximation

Motivated by (more general) insatisfaction with the current state of

“mathematization” of quantum �eld theory

huge progress achieved by physicists in
dealing with singularities and
non-convergent sums and integrals
(...Feynman path integrals) has not been
matched so far ... with an adequate
mathematical theory (Zilber)

Implicit knowledge by the physicist of the structure of his model,

not yet available to mathematicians? (Rabin, Rie�el, Zeidler)
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ex 2 - Primas in �antum Chemistry

Very similar problems arising when explaining “purely chemical

properties” - so far,

I Reductionism to Quantum Mechanics

I Many chemical properties are relational rathen than functional

- yet the current state of development in Quantum Chemistry

does not seem to embody this

I Huge dependence (now more than ever) on big data analysis

(graph theory, dendrograms, etc., algebraic topology) but

I Lack of a non-dependent conceptual framework!
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I - Logic

I Systems of di�erent logics

I Awareness to relational vs functional (for some reason still a

problem) dependencies

I Calibrating via weak/strong logics re�ection phenomena,

I When combined with topology (logic on sheaves), logic may be

“dynamized”
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II - Model Theory

1. Arbitrary structures.

2. Hierarchy of types of structures (or of theories): stability theory.

3. At the “top” of the hierarchy: Hrushovski-Zilber’s Zariski

Structures - generalized algebraic varieties over ACF, with

relations = Zariski-closed sets.

4. One-dimensional objects of Zariski structures are exactly �nite

covers of algebraic curves - these correspond to “nonclassical”

structures coming from non-commutativity phenomena.

5. With Model Theory on Sheaves: strong ways of controlling

limit models.

6. May even go “beyond logic-dependence” and get several of the

previous (Abstract Elementary Classes).
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Limit and ideal models, à la Zilber

Quoting Zilber:

The process of understanding the physical
reality by working in an ideal model can be
interpreted as follows. We assume that the
ideal model Mideal is being chosen from a
class of “nice” structures, which allows a
good theory. We suppose that the real
structure Mreal is “very similar” to Mideal

(...) approximated by a sequence Mi of
structures and Mreal is one of these, Mi = Mreal

sufficiently close to Mideal. The notion of
approximation must also contain both logical
and topological ingredients. (...)
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This goes on...

... the reason that we wouldn’t distinguish
two points in the ideal model Mideal is that
the corresponding points are very close in
the real world Mreal so that we do not see the
difference (using the tools available). In
the limit of the Mi’s this sort of
difference will manifest itself as an
infinitesimal. In other words, the limit
passage from the sequence Mi to the ideal
model Mideal must happen by killing the
infinitesimal differences. (...) This
corresponds to taking a specialization (...)
from an ultraproduct

∏
D Mi to Mideal.



Model Theories? - Logics? Sheaves Limit models and Generic Model Theorems

but...

... We note that the scheme is quite
delicate regarding metric issues. In
principle we may have a well-defined metric
(...) on the ideal structure only. Existence
of a metric, especially the one that gives
rise to a structure of a differentiable
manifold, is one of the key reasons of why
we regard some structures as “nice” or
“tame”. The problem of whether and when a
metric on M can be passed to approximating
structures Mi might be difficult, indeed we
don’t know how to answer this problem in
some interesting cases.
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Zilber’s Structural Approximation [Zil2]

Given a topological structure M and a family of structures Mi, i ∈ I ,
in the same language, M is approximated by Mi along an ultra�lter D
on I if for some elementary extension MD �

∏
Mi/D of the

ultraproduct there is a surjective homomorphism

lim

D
: MD → M.
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Examples

These include:

1. The Gromov-Hausdor� limit of metric spaces along a

non-principal ultra�lter D.

2. Structural approximation of a quantum torus at q by quantum

tori at roots of unity.



Model Theories? - Logics? Sheaves Limit models and Generic Model Theorems

Kochen-Specker’s Impossibility Theorem

The common sense belief that “every physical quantity must have a

value even if we do not know what it is” is challenged in Quantum

Physics at the level of the formalism itself: Kochen and Specker

proved in 1967 the impossibility of assigning values to all physical

quantities while preserving the functional relations between them.

This has a sheaf “model theoretical” �avor that was �rst noticed by

Domenech, Freytes and De Ronde, who built a �rst sheaf theoretic

analysis of the theorem.

Döring and Isham have constructed a sheaf “spectral presheaf” that,

within the topos-theoretic realm, captures Kochen-Specker as the

non-existence of global sections for those spectral presheaves, when

the Hilbert space has dimension ≥ 2.
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Abramsky, Brandenburger - a framework for

non-locality [AbrBra]

I Fix a set X of measurements and a set O of possible outcomes

for each measurement.

I If U ⊂ X , a section over U is a function s : U → O. The section

s describes the event where after performing measurements in

U , the outcomes observed were s(m), m ∈ U .

I E : U 7→ OU
assigns to each U the set of sections.

I E is a presheaf (restrictions are coherent). It is indeed a sheaf

(over the trivial site - the sheaf of events).
I Compose E with a functor D between distributions gives the

presheaf

DE(U ′)→ DE(U ) :: d 7→ d � U

I The existence of a global section for such a sheaf (“empirical

model”) implies the existence of a local deterministic

hidden-variable model.
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Limits

Theorem (A classical Generic Model Theorem; Caicedo [Cai])

Let F be a generic �lter for a sheaf of �rst order structures A over X.
Then

A[F] |= ϕ(σ/ ∼F) ⇐⇒ {x ∈ X |A 
x ϕ
G(σ(x))} ∈ F

⇐⇒ ∃U ∈ F such that A 
U ϕ
G(σ).

Here, ϕG
is a formula equivalent classically to ϕ, but not necessarily

in an intuitionistic framework! (The formula ϕG
is sometimes called

the Gödel translation of ϕ - in 1925, Kolmogorov had independently

de�ned an equivalent translation.)
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Addenda: after the discussion

I In joint work with Ochoa, we have found conditions on the

topology of X that support a generic model theorem for

continuous logic in the �bers (see [OchVil]).

I Continuous Logic may be understood in various ways; we used

the “standardization” due to Ben Yaacov, Berenstein, Henson

and Usvyatsov [BYBHU]
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Now, to the discussion!
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�estions for you all:

I Limit Structures / Limit Logics - Where else?

I Emergence of properties only after limit - Where else?

I Non-locality is one example, more connected to others than

expected - Where else?

I Continuous / Discrete (back to von Neumann, ...)

I Dynamic / Static (sheaves ...)

I Syntactically Given (Logics - In�nitary, Generalized Quanti�ers,

etc. ) / Semantically Given (Abstract Elementary Classes)

I Orbits / Maximal Consistent Sets / Types

I Transfer small languages

I Large languages controlling small languages
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Lógica de los haces de estructuras

Samson Abramsky - Adam Brandenburger

New Journal of Physics 13 (2011) 1–39

Model Theory for metric structures

Itaï Ben Yaacov, Alexander Berenstein, Ward Henson and

Alexander Usvyatsov

London Math Soc. Lecture Note Series Nr 350, Cambridge Univ.

Press 2008.

Lógica de los haces de estructuras

Xavier Caicedo

Revista de la Academia Colombiana de Ciencias Exactas, Físicas

y Naturales, XIX, no. 74, (1995) 569-585

“What is a thing?”: Topos Theory in the Foundations of Physics

Andreas Döring and Chris Isham

in New Structures of Physics, ed. R. Coecke, Springer, 2008.

Sheaves of Metric Structures
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In Logic, Language, Information, and Computation

Lecture Notes in Computer Science 9803 - WOLLIC 2016, p.

297-315.

On model theory, non-commutative geometry and physics.

Boris Zilber

Bulletin of Symbolic Logic, 2010.

Non-commutative Zariski geometries and their classical limit.

Boris Zilber - arXiv0900.4415
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