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Shelah’s Categoricity Conjecture

I A classical problem in the model theory of AECs has been to

�nd versions of Morley’s Theorem (the Łoś Conjecture) for

AECs - Transferring Categoricity.

I “Semantic versions” of the model theory of Lλ+,ω(Q).

Conjecture (Shelah - around 1980)

For every λ, there exists µλ such that if K is an AEC with LS(K) = λ,
categorical in some cardinality ≥ µλ, then K is categorical in all
cardinalities greater than µλ.
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Why the fuss?

Some 5000 pages of mathematics have been produced in connection

in connection with the Categoricity Conjecture. Why so much

attention to this problem?

I Transferring categoricity from a cardinal µ to some κ almost

always involves transferring saturation (“all models of

cardinality µ are saturated implies all models of cardinality κ
are saturated”),

I This usually requires a form of type omission,

I This usually requires the development of stability theory (in

some cases quite involved), so:

Proving categoricity transfer not only reveals a strong form of

“semantic completeness” of the class K but also involves

understanding deeply how models are embedded into one another

and how types p are controlled by small “projections” p � M .
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A qick timeline of the proof (roughly, 1980 to 2015)

I Open for countable fragments of Lω1,ω (the �rst question, from

the early seventies (?) was around here). Here, the related

I conjecture is µℵ0
= iω1

. Shelah, Jarden, Grossberg, Vasey have

partial results.

I Makkai-Shelah (1985): The Conjecture holds for classes

axiomatized in Lκ,ω for κ strongly compact.

I Kolman-Shelah: downward categoricity “under a measurable”,

for classes de�nable in Lκ,ω , κ measurable (c. 1990).

I Boney (2013:) consistency of the full conjecture, under a proper

class of strongly compact cardinals. More partial results by

Vasey.
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Dividing lines, “diagonalizing” different

cofinalities, etc.

Other dividing lines:

I Uniqueness of “limit” models as a form of superstability (my early

joing work with Shelah, c. 1998, then work with Grossberg,

VanDieren, Zambrano in the continuous case),

I Superstability has a component of diagonalizing along di�erent

co�nalities (building models that are e.g. simultaneously ω1-limits

and ω-limits (chains of universal extensions) - something achievable

for some classes only). I have been intrigued by similar “�avors”

along iterated forcing theory!

I Other dividing lines from FO Model Theory “extend” to a (more

tenuous, but more structural) “Classi�cation Theory for AECs”: NIP

for example is really connected to the Genericity Pair Conjecture, a

statement on the behaviour of a large groupoid of partial

isomorphims of homogeneous structures in a class.
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Grossberg-VanDieren: tameness isolated

Around the year 2000 Grossberg/VanDieren proved:

Theorem

Let K be an AEC with amalgamation, joint embeddings, without
maximal models. Then

if K is χ-tame and λ+-categorical for some λ ≥ LS(K)+ + χ, then K
is µ-categorical for all µ ≥ λ.
Their proof built on a previous proof of the “downward” transfer by

Shelah but has a crucial element: isolating the notion of tameness

(“buried” in Shelah’s proof of the downward part - �eshing out the

notion allows Grossberg/VanDieren to prove the upward

categoricity).
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Localizing difference

Idea: “localizing” the condition of...

extending a map f that �xes a model M in an aec K to a

K-embedding:

I if no embedding f of the class that �xes M sends some N0 to

some N1 then

gatp(N0/M) 6= gatp(N1/M)

I we want: to localize this to checking that there is some

M0 ∈ P∗κ(M) and X0 ∈ Pκ(N0) such that

gatp(X0/M0) 6= gatp(f (X0)/M0)
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Tameness and type-shortness

De�nition ((κ, λ)-tameness for µ, type shortness)

Let κ < λ. An aec K with AP and LS(K) ≤ κ is

I (κ, λ)-tame for sequences of length µ if for every M ∈ K of size

λ, if p1 6= p2 are Galois types over M then there exists

M0 ≺K M with |M0| ≤ κ such that

p1 � M0 6= p2 � M0

(where pi = gatp(Xi/M), Xi ordered in length µ, i = 1, 2)

I (κ, λ)-typeshort over models of cardinality µ if for every

M ∈ K of size µ, if p1 6= p2 are Galois types over M and

pi = gatp(Xi/M) where Xi = (xi,α)α<λ, there exists I ⊂ λ of

cardinality ≤ κ such that pI
1
6= pI

2
:

gatp((x1,α)α∈I/M) 6= gatp((x2,α)α∈I/M).
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Dual notions - stability

The two notions are clearly dual (parameters/realizations):

I In tameness, a narrow orbit (�xing large models) is controlled

by the thicker orbits that approximate it (parameter locality),

I In type shortness, the orbit of a long sequence is controlled by

the narrower orbits of its subsequences (realization locality)...

These dualities are equivalences under stability conditions. In

general, they are not.
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Duality under categoricity - “Heirs/coheirs”

Theorem (Boney)

If a K (with a monster) is categorical in µ and is (< κ, µ)-tame for
λ-length types, then K is (< κ, µ)-short for types over λ-sized
domains.

Let M,M′ of size µ, N of size λ such that

gatp(M/N ) 6= gatp(M′/N ). Use

µ-categoricity to get f ∈ Aut(C) such

that f � M : M ≈ M′.
Now, gatp(f (N )/M′) 6= gatp(N/M′): if

equal, there is some h ∈ Aut(C/M′) so

that h ◦ f (N ) = N - so

h ◦ f (M) = h(M′) = M′ so

gatp(M/N ) = gatp(M′/N ). Now we use

the (< κ, µ)-tameness: get

M− ∈ P∗κ(M′) such that

gatp(f (N )/M−) 6= gatp(N/M−). Again

as before

gatp(f −1(M−)/N ) 6= gatp(M−/N ). But

f −1(M−) ∈ P∗κ(M). �
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Large Cardinals & Model Theory
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Getting Tameness from Large Cardinals

In 2013, Boney changed a bit the direction of the approach: why not

look directly at the impact of large cardinals on tameness and similar

notions?

Theorem (Boney)

If κ is strongly compact and K is essentially below κ (i.e. LS(K) < κ or
K = Mod(ψ) for some Lκ,ω-sentence ψ) then K is
(< (κ+ LS(K)+, λ-tame and (< κ, λ)-typeshort for all λ.

The proof is direct, given the strength of the hypothesis. Boney and

Unger proved (2015) that under strong inaccessibility of κ, the

(< κ, κ)-tameness of all aecs implies κ’s strong compactness.
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A strong lemma - maybe an overkill?

Theorem (Łoś Theorem for aecs under strong compact

cardinals)

Let K be an AEC with LS(K) < κ, κ a strongly compact cardinal.
Suppose there is N0 ≤K N and p ∈ ga− SI (N0) with |N0 < κ, |I | < κ
and a κ-complete ultra�lter U over I . Then

[h]U ∈
∏

N/U |= p i� {i ∈ I |h(i) |= p} ∈ U .

(There are theorems with weaker conclusions, starting from

measurables, strongly compact, etc.)
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The conjecture is consistent

Theorem (Boney)

Let κ be strongly compact and K an aec essentially below κ. If K is
categorical in a successor λ+ > LS(K)+ then K is categorical in all
µ ≥ min{λ+,i(2Hanf (LS(K)))+}.

Theorem (Boney)

In models with a proper class of strongly compact cardinals, the Shelah
Conjecture (for successors) holds.
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A little more...

Theorem

Let κ be a Π2

1
-indescribable cardinal. If K is an AEC with LS(K) < κ

and Kκ has a unique limit model, then for every λ < κ, there exists
µ ∈ (λ, κ) such that Kµ has a unique limit model.

(And similar results using versions of downward re�ection, for

categoricity transfer, amalgamation, tameness...)
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Generalized compactness phenomena

The fact that tameness/type shortness hover around strong

compactness/supercompactness is not so surprising after all: they

are forms of “generalized compactness”.

I κ has the tree property + inaccessibility ≡Weak Compactness

of κ

I κ has the supertree property + inaccessibility ≡
Supercompactness of κ

I Every aec K is (< κ, κ)-tame + inaccessibility ≡ seems to be

rather strong.
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Challenges for Set Theory?
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Under a proper class of strongly compact cardinals, Boney showed

that

Every AEC K with arbitrarily large models is tame. (1)

(He gives weaker versions of tameness, obtained from proper classes

of measurables and weakly compact cardinals.)

All this seems rather reducible to weaker large cardinals, at least for

a lot of model theory!
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Lower bounds

Notice that

Every AEC K with LS(K) < κ is (< κ, κ)-tame (2)

already implies V 6= L: Baldwin and Shelah constructed a

counterexample to (< κ, κ) starting from an almost free, non-free,

non-Whitehead group of cardinality κ. In L this may happen at any

κ regular, not strongly compact.

On the other hand, Hart-Shelah’s example of an Lω1,ω-sentence

categorical in ℵ0,ℵ1, · · · ,ℵk but NOT in ℵk+2 shows that pushing

tameness FOR ALL aecs below ℵω is impossible.
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Collapsing and its limitations

Collapsing large cardinals while keeping some of their properties

has a long history of interesting results. For instance,

I Mitchell: collapsed a weakly compact to ℵ2 while keeping the

tree property. This was later generalized (collapsing much

more) in order to get the tree property at all the ℵn’s and/or in

ℵω+1 (Magidor, Cummings, Neeman, Fontanella, etc.)

I For the “strong tree” and “supertree” properties the consistency

strength seems to be around a strongly compact / supercompact

respectively. (Weiss, Viale, Fontanella, Magidor).

I These are instances of general re�ection/compactness

properties. But so are tameness and type shortness.

I The direct collapse of (say) a strongly compact κ where you

have (< κ, κ)-tameness to (say) ℵ2 does not work:

I The resulting classes j(K) and (if K = PC(L, T ′,Γ′) the classes

KV [G] = PCV [G](L, T ′, j(Γ′)) exhibit interesting (buy wide open)

behavior.
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A dichotomic behavior

I Under Weak Diamond:

Theorem (from Sh88)

(Under 2
κ < 2

κ+). Every aec K with LS(K) ≤ κ, categorical in κ,
failing AP for models of size κ has 2

κ+ many non-isomorphic models
of cardinality κ+.

I Example under MA:

(MAω1
) There is a class (axiomatizable in Lω1,ω(Q)) that is

ℵ0-categorical, fails AP in ℵ0 and is also categorical in ℵ1. This

can be lifted below continuum.
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Forcing isomorphism/categoricity

Theorem (Asperó, V.)

The existence of a weak AEC, categorical in both ℵ1 and ℵ2, failing AP
in ℵ1, is consistent with ZFC+CH+2

ℵ1 = 2
ℵ2 .

The result is obtained by an ω3-iteration over a model of GCH,

where we

I Start with GCH in V .

I Build a countable support iteration of length ω3, where

I at each stage α of the iteration you consider in VPα
two models

M0,M1 ∈ K, |M0| = |M1| = ℵ2 (use a bookkeeping function)

and

I �x (M0

i )i<ω2
, (M1

i )i<ω2
resolutions of the two models with

Mε
i = Ni ∩Mε where (Ni)i<ω2

is an ∈-increasing and

⊂-continuous of elementary substructures of some H(θ) of size

ℵ1 containing M0 and M1...
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Forcing isomorphism/categoricity

I at this stage iterate with Qα the partial order consisting of

countable partial isomorphisms p between M0 and M1 such that

if x ∈ dom(p) and i is the minimum such that x ∈ M0

i then

p(x) ∈ M1

i .

I Each stage Qα of the iteration, and all the forcing Pω3
is

σ-closed and Pω3
has the (ℵ2)− a.c. (need CH for the relevant

(!) ∆-lemma).
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Thank you for your Attention!
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