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SYMBIOSIS

Two (symbiotic) trees in Honda, Colombia

Today, two symbiotic relations: one, between TWO logic groups, the
other one, between TWO parts of mathematical logic.
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Two Locic Grouprs - A TALE oF Two CITIES

It was the best of times, it was the worst of times, it was the
age of wisdom, it was the age of foolishness, it was the epoch
of belief, it was the epoch of incredulity, it was the season of
Light, it was the season of Darkness, it was the spring of hope,
it was the winter of despair, we had everything before us, we
had nothing before us, we were all going direct to Heaven, we
were all going direct the other way...

C. Dickens - A Tale of Two Cities
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WRITING THE HISTORY OF THE BOGOTA LOGIC GROUP LED

TO...
...making explicit how symbiotic the growth of the two logic groups
(Caracas and Bogot4) had been:
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FrROM THE BOOK - THE BOGOTA LOGIC GROUP AND...

168 Andres Villaveces

mathematical logic. The beginnings were slow (there was no research
institute as such', and research activities were barely organized in a
systematic way back then) but sure-footed: after a few years, Caicedo
had formed several Master's students who went on to continue their
doctoral formation abroad, and there was an active logic seminar.

The role of the Latin American Mathematical Logic Symposia
(known as SLALM by their initials in Spanish) was crucial in the
consolidation of the group. Bogotd hosted (at Universidad de los
Andes) the Sth SLALM in 1981 and in many ways this event may be
regarded as marking the end of the beginning years and the opening a
new phase.

It is worth mentioning, anyway, that this first period is marked by
both a beginning in isolation and a strong pull against this isolation:
although research conditions were scarce (not only in terms of money
but first and foremost in terms of organization) and logicians like
Caicedo back then had to work in many simultancous fronts
combining research, teaching and administration, the existence of a
genuine network of Latin American logicians provided a very
interesting support even in those carly days”.

On a more personal note, some very solid friendships of logicians
formed back then, at a Latin American level. In this regard, the role of
set theorist Carlos Di Prisco was crucial for the consolidation of the
group in Bogota’. He was roughly at the same time developing the

7, there is no independent research institute doing Mathematics in
Colnmm AN yacarch b mathormaica logic is conducted at the niversitics, by
members of the faculty who must combine teaching basic courses, advanced
courses, and doing research.

2. The network has continued, as we shall see later.

i Prisco visited Bogotd as a mathematical logician first in 1981. Since then he

bringing bis et in Combinatorial S Theory to Bogatd.In more recent years he
has been living in Bogotd in a more or less permanent basis, il doing logic amd
being part of the Logic Group, at Universidad de los Andes.

S LOGIC IN BOGOTA: SOME NOTES

logu: group in Caracas, the capital of our neighbour Venezucla, ¢

closeness to Caicedo and in general to the Logic Grou
BogolA enabled the growth and blossoming of both groups. 1
history of both logic groups became intertwined, to this very day. 1
effects of specific cconomic and political situations of the t
countries have become part of the history of the two groups and th
interactions. Other such friendships with logicians in other count
have also triggered similar developments, but the Caracas case
particularly close as an cxample of two different groups growing
parallel, in a symbiotic way.

1.2. The group takes off and blossoms: 1980 to now.

During the 1980s the group starts really becoming something m
similar to what we have now: Caicedo guides students toward t
Master’s programs', and later some of these students return
Colombia (after their own doctoral studies abroad) and join the fact
at local universities”.

‘The main venues of mathematical logic for a long time w
Universidad de los Andes and Universidad Nacional. Caicedo was
many years professor at both universities. He split his resea
between both places. Until recently, the seminar was joint between
two universities—the number of students was growing but still s
for a long time.

Slowly, some of us returned to Bogoté and joined the facull
there, and later on started dirccting doctoral theses as well. T

1. It is worth mentioning that doctoral programs in Mathematics only startec
Colombia in 1995, first at Universidad Nacional, and a few years later also at o
universities including Universidad de los Andes. This is why all those early these
Mathematical Logic were done in the context of Master’s studies.

2. Among them, Sergio Fajardo finished his Master’s Thesis around 1979 and {
went to the University of Wisconsin, where he worked with Keisler toward
doctoral thesis; he almost immediately returned to Colombia and was involves
research(S] and teaching until the late 19905, when he became a promit
politician, now of national relevance.

Canonical Trees
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FROM THE BOOK - THE BOGOTA LOGIC GROUP AND...

On a more personal note, some very solid friendships of logicians
formed back then, at a Latin American level. In this regard, the role of
set theorist Carlos Di Prisco was crucial for the consolidation of the
group in Bogoté3. He was roughly at the same time developing the

1. Even in 2017, there is no independent research institute doing Mathematics in
Colombia. All research in mathematical logic is conducted at the universities, by
members of the faculty who must combine teaching basic courses, advanced
courses, and doing research.

2. The network has continued, as we shall see later.

3. Di Prisco visited Bogota as a mathematical logician first in 1981. Since then he
visited many other times the city, giving lectures, minicourses, and in general
bringing his interest in Combinatorial Set Theory to Bogota. In more recent years he
has been living in Bogota in a more or less permanent basis, still doing logic and
being part of the Logic Group, at Universidad de los Andes.
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FROM THE BOOK - THE BOGOTA LOGIC GROUP AND...

1.2. The group takes off and blossoms: 1980 to now

During the 1980s the oronn ctarte eantio. 1
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XAVIER AND CARLOS
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BOG CCS

Abstract Mod Th / Inf Logic (F,C.I) Comb Set Th / Large Cards (LI)
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SYMBIOSIS, SLOWLY UNFOLDING

BOG CCS

N2

Abstract Mod Th / Inf Logic (E,CI) Comb Set Th / Large Cards (LI)

\

Mod Th Sheaves (V)/ Alg Mod Th (O) Descr Set Th (U) / Pol Part Rels
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SYMBIOSIS, SLOWLY UNFOLDING

BOG CCs
Abstract Mod Th / Inf Logic (F,CI) Comb Set Th / Large Cards (LI)
Mod Th Sheaves (V)/ Alg Mod Th (O) Descr Set Th (U) / Pol Part Rels
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Large Cards / Forcing (V)

T amaan N
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SYMBIOSIS, SLOWLY UNFOLDING

BOG CCs
Abstract Mod Th / Inf Logic (F,C,I) Comb Set Th / Large Cards (LI)
Mod Th Sheaves (V)/ Alg Mod Tﬁ(\o) Descr Set Th (U) / Pol Part Rels
/
Large éards / Forcing (V)
\
Categ Log (Z) / AEC (V) Ramsey Theory (M) / Solovay Models
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SYMBIOSIS, SLOWLY UNFOLDING

BOG CCs
Abstract Mod Th / Inf Logic (F,C,I) Comb Set Th / Large Cards (LI)

Mod Th Sheaves (V)/ Alg Mod Th (O) Descr Set Th (U) / Pol Part Rels

Large Cards / Forcing (V)

Categ Log (Z) / AEC (V) Ramsey Theory (M) / Solovay Models

Stability Theory (B,0,G) Forcing and Topology (D)
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BUT THERE IS ALSO A THIRD...

Caracas - Bogota...yes, of course but

The beautiful city of Mérida, tucked in the high Andes of Venezuela,
was central to the symbiosis of the group (EVM 1991)... Goyo
Mijares was also there (I was also a student in the DP + U course in
Descriptive Set Theory) and...
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OTHER SYMBIOTIC RELATIONS

Set Theory / Model Theory
» Ramsey, Erdés-Rado ...Indiscernibles from Stability Hypotheses
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OTHER SYMBIOTIC RELATIONS

Set Theory / Model Theory
» Ramsey, Erdés-Rado ...Indiscernibles from Stability Hypotheses

» Automorphism groups of models ...EM-models ... 0% 0f, inner
model theory, EM-models as weak compactness
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OTHER SYMBIOTIC RELATIONS

Set Theory / Model Theory
» Ramsey, Erdés-Rado ...Indiscernibles from Stability Hypotheses

» Automorphism groups of models ...EM-models ... 0% 0f, inner
model theory, EM-models as weak compactness

» Proper forcing (Shelah’s anecdote)
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OTHER SYMBIOTIC RELATIONS

Set Theory / Model Theory
» Ramsey, Erdés-Rado ...Indiscernibles from Stability Hypotheses

» Automorphism groups of models ...EM-models ... 0% 0f, inner
model theory, EM-models as weak compactness

» Proper forcing (Shelah’s anecdote)

» A lot more, of course, in AEC...
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PrLaAN

Set Theoretic Combinatorics and Definability of AECs
Some partition relations
Reflection Classes - AECs
“Algebraically minded model theory” - Really?
The Presentation Theorem
Internal/Natural logic for an AEC
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PARTITION RELATIONS FOR SCATTERED ORDER TYPES (AND
FOR TREES)

Here is a combinatorial lemma by Komjath and Shelah!:
For any « let FS(«) be the tree of all descending sequences of
elements of o. We use len(s) to denote the length of s € FS(«).

Lemma (Komjath-Shelah 2003)

Assume that o is an ordinal and | a set. Set \ = (|a|“|N°)++. Suppose
T =FS(\) and F : T — |. Then there is a subtree

T ={(95,.--,0;) : s =(So,--.,5n) € FS(a)} of T and a function

¢ :w — | such that for all s € T* we have F(s) = c(len(n)).

! A partition theorem for scattered order types. Combin. Probab. Comput. 12
(2003), no. 5-6, 621-626.
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proving Categoricity Transfer, a Morley-like theorem, for the
infinitary logic Ly, .
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ORIGINS: INFINITARY LOGIC

One of the questions that started the process was the problem of
proving Categoricity Transfer, a Morley-like theorem, for the
infinitary logic L, ., Namely, is it true that if an L, ,,-sentence © is
categorical in some uncountable cardinal, then it is categorical in all
uncountable cardinals?
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ORIGINS: INFINITARY LOGIC

One of the questions that started the process was the problem of
proving Categoricity Transfer, a Morley-like theorem, for the
infinitary logic L, ., Namely, is it true that if an L, ,,-sentence © is
categorical in some uncountable cardinal, then it is categorical in all
uncountable cardinals?

More generally, what is the behavior of the function

(0, A) := M = ¢ | M| = A}/ & |, for a sentence v of the logic Ly, ?



Symbiotic Relations Set Theoretic Combinatorics and Definability of AECs Canonical Trees

000000000 000®00000000 00000000000
: :

LONG STORY SHORT

After many attempts, the analysis of that primal question ran off
from the syntactic extreme (infinitary logic(s)) to a more semantic
“extreme”.
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LONG STORY SHORT

After many attempts, the analysis of that primal question ran off
from the syntactic extreme (infinitary logic(s)) to a more semantic
“extreme”.
The attempts:
» (Keisler) Use “sequentially homogeneous” models. But
sequential homogeneity is a consequence of categoricity...

» (Shelah) The role of models of size N, (n < w) in the
decomposition of large models, the role of dimension-like
obstructions.

» (Shelah) Forcing-like approach to types that would eventually
become “Galois types”.
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“ALGEBRAICALLY-MINDED MODEL THEORY - REALLY?

Another early origin of Abstract Elementary Classes,
complementary to the Categoricity problem, was Shelah’s idea of (as

expressed in his paper The Lazy Model-Theoretician’s Guide to
Stability Theory 1973)
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“ALGEBRAICALLY-MINDED MODEL THEORY - REALLY?

Another early origin of Abstract Elementary Classes,
complementary to the Categoricity problem, was Shelah’s idea of (as
expressed in his paper The Lazy Model-Theoretician’s Guide to
Stability Theory 1973) speaking mainly to “those who are interested
in algebraically-minded model theory, i.e., generic models, the
class of e-closed models and universal-homogeneous models rather
than elementary classes and saturated models. These were his
words in 1975. He continues: “our main point is that though stability
theory was developed for the latter context, almost everything goes
through in the wider context (with suitable changes in the
definitions).”
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WHAT GOES THROUGH, REALLY?

This declaration (the “almost everything goes through”) entailed
more than it could seem at first sight: in many ways it is true but it
took a long time to build up the right notions of stability, of types, of
independence.
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SMOOTH REFLECTION CLASSES

Replacing formulas by an abstract notion of “strong embedding”
between L-structures is the first important point. In the definition of
AECs we do not declare membership in the class by satisfying some
sentence or some axiomatic system.
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SMOOTH REFLECTION CLASSES

Replacing formulas by an abstract notion of “strong embedding”
between L-structures is the first important point. In the definition of
AECs we do not declare membership in the class by satisfying some
sentence or some axiomatic system.

The relation =, basic in First Order logic, takes a back seat here, and
the main relation <k (a generalization of the elementary submodel
relation < of first order) now leads the game.
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THE DEFINITION [ABSTRACT ELEMENTARY CLASS]

Fix a language L. A class /C of L-structures, together with a binary relation < on K is an abstract elementary class (for
short, AEC) if:

1. Both K and < are closed under isomorphism. This means two things: first, if M’ ~ M € Kthen M’ € K;
second, if M/, N’ are L-structures with M/ C N/, M’ ~ M,N’ =~ Nand M <k N then M’ <k N,

IfM,N € K, M <g NthenM C N,
< is a partial order,
(Coherence) fM C N <g N’ and M <y N’ then M <g N,

(LS) There is a cardinal (called “the Léwenheim-Skolem number” of the class) k£ = LS(IC) > N such thatif M € K
and A C |M|, then there is N <g M with A C |N|and |[N| < |A] + LS(K),

LTS o

6. (Unions of <g-chains) If (M;);_s is a <g-increasing chain of length § (¢ a limit ordinal), then
> Us(Mpis € K,
» for each j < J, Mj <x U,.s Mi,
» if for each i < §, Mj <¢ N € K then [J,_s Mi < N.
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MAIN CONJECTURE: THE MAIN GAP

The Main Gap Theorem for FO logic

Cardinals

the Main
Gap

superstables
NDOP NOTOP

Cardinals
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MAIN CONJECTURE: THE MAIN GAP

The Main Gap Theorem for FO logic

the Main
Gap

Cardinals

superstables
NDOP NOTOP

Cardinals

The “gold standard” of mathematical logic, of model theory, in
various ways, and the main conjecture in AECs.
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At this point, we have the following situation:

» So far, no control on possible axiomatization of the class K. The
emphasis is placed on its being closed under the constructions
specified in the axioms. However, later (in subsection) we focus
on the logical control of these classes. Remember Shelah’s
“algebraically-minded model theory”.

» These are not necessarily amalgamation classes: there is no
amalgamation axiom. However, many AECs do satisfy the
amalgamation property. Furthermore, the model theory will
depend on the kind of amalgamation possible in the class.
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How 10 DEAL WiTH THESE AECS?

Theorem (Presentation Theorem, Shelah)
Let (K, <) be an AEC in a language L. Then there exist
» A language L' D L, with size LS(K),
» A (first order) theory T' in L' and
> A set of T -types, I/, such that
K =PCLT,.I'):={M" | L|M E T M omitsT'}.
Moreover, if M',N" |= T/, they both omitT', M = M | L and
N=N L
M'Cc N & M < N.
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Corollary (“Hanf” number of an AEC)

If an AEC K has a model of cardinality > Jyis)y. then it has
arbitrarily large models.
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Corollary (“Hanf” number of an AEC)

If an AEC K has a model of cardinality > Jyis)y. then it has
arbitrarily large models.

Proof: Use the Hanf number for PC classes (and the undefinability of
well-ordering). g

Theorem (Shelah)

Let (K, <) be an AEC with amalgamation and arbitrarily large
models. If IC is categorical in X\ > LS(K) then it is yi-galois-stable for
each cardinal iy € [LS(K), M).
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Corollary (“Hanf” number of an AEC)

If an AEC K has a model of cardinality > Jyis)y. then it has
arbitrarily large models.

Proof: Use the Hanf number for PC classes (and the undefinability of
well-ordering). g

Theorem (Shelah)

Let (K, <) be an AEC with amalgamation and arbitrarily large
models. If IC is categorical in X\ > LS(K) then it is yi-galois-stable for
each cardinal iy € [LS(K), M).

And many other results on Stability Theory for a.e.c.s really hinge
on this “syntactic embedding” of EM models coming from First
Order logic! The proof hinges on Ehrenfeucht-Mostowski models
(whose existence in AECs with large enough models is given by the
Presentation Theorem).
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PrLaAN

Canonical Trees
Capturing the AEC with a sentence derived from the canonical
tree
The combinatorics behind
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THE CANONICAL TREE OF AN A.E.C.

This is joint work with Saharon Shelah.
Fix an a.e.c. K with vocabulary 7 and LS(K) = k.
Let A = Jy(k +|7])".
The canonical tree of K:
» M, :={M € K| for some & = a of length n, M has universe
{az | v € S@[M]} and m <n = M [ Sgimm] <k M} (and
MO = {Mempt}),
> M = Mg := |, My; this is a tree with w levels under <x
(equivalenty under Q).
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FORMULAS ©m ,n(Xn)
For M in the canonical tree M at level n, a formula with & - n free
variables, defined by induction on ~.

» v =0: 900 =T (“truth”). If n > 0,

omon = /\ Diagh(M),

the atomic diagram of M in & - n variables.
» v limit: Then
PMn(Xn) = /\ ©M,B,n(Xn).
By
» v =3+ 1: Then ppmn(Xn) is the Ly+ .+ (7) formula

\/ El)_(=n SDN,ﬁ,nH(inH /\ \/ T = 0

N jcM a<an[N] 0€S[N]
NEMnH
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So we have sentences - o, for v < A¥, such that i < j < A" implies
©j — i. These sentences are better and better approximations of
the aec C; they describe how small models of the class embed into
arbitrary ones.

Let us take a closer look at low levels:
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THE CATCH (BEGINNINGS)

When does M |= 1,?



Symbiotic Relations Set Theoretic Combinatorics and Definability of AECs Canonical Trees

000000000 000000000000 00008000000
: :

THE CATCH (BEGINNINGS)

When does M |= 1,?
When in M,

vz, VN€M1 X0 [SON,OJ(’_“) A /\a<ao[N] \/6€S[N] Zo = Xé]
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THE CATCH (BEGINNINGS)

When does M |= 1,?
When in M,

Y7151 Ve, F%-0 [QDN,OJ()_(I) A Nacaoing Vsesing Za = Xé]

That is, for every subset Z of M of size < k some model N in the tree
(level 1, of size k) embeds into M, covering Z.
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THE CATCH (BEGINNINGS)

When does M |= 1,?
When in M,

Y7151 Ve, F%-0 [QDN,OJ()_(I) A Nacaoing Vsesing Za = Xé]

That is, for every subset Z of M of size < k some model N in the tree
(level 1, of size k) embeds into M, covering Z.

When does M |= ;?
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THE CATCH (BEGINNINGS)

When does M |= 1,?
When in M,

Y7151 Ve, F%-0 [QDN,OJ()_(I) A Nacaoing Vsesing Za = Xé]

That is, for every subset Z of M of size < k some model N in the tree
(level 1, of size k) embeds into M, covering Z.

When does M |= ;?
When in M,

YZ[r) Ve, FX=0 | oN1a(xa) A /\a<ao[N] V6€S[N] Za = Xﬁ}
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THIS 1S SLIGHTLY MORE COMPLICATED TO UNRAVEL:

Y211 Ve, 31 [gON,1,1(>‘<1) A NacaoiN Viesing Za = Xd]

For every subset Z of M of size < x some model N in the tree (at
level 1) M is such that M |= N 1.1, through some “image of N”
covering Z...

for all Z’ C M of size & there is some N’ =x N in the canonical tree,
at level 2, extending N, such that some tuple x_, from M covers Z’
and is the “image” of N’ by an embedding
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Theorem
M € K implies M |= o for each v < X*
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Theorem
M ': @:;(F;)*+2,0 lmplles M e K
This much harder implication requires understanding the tree of

possible embeddings of small models; the partition property due to
Komjath and Shelah is the key.



Symbiotic Relations Set Theoretic Combinatorics and Definability of AECs Canonical Trees

000000000 000000000000 00000000800
:

THE COMBINATORICS BEHIND

Theorem (Komjath-Shelah (2003))
Let « be an ordinal and i a cardinal. Set A = (|a|“N°> and let

F(ds(A\*)) — w be a colouring of the tree of finite descending sequences
of ordinals < \. Then there are an embedding ¢ : ds(a) — ds(\) and a
function ¢ : w —  such that for every n € ds(«) of lengthn + 1

F(o(m) = c(n).

We apply it with number of colours y equal to x!™** = 2%; therefore
(2%)%0 = 2%, We thus obtain a sequence (7)n)n<w, 7n € ds()) such that:

L L
kS m S n,€€{1,2}:> NT]ka = Nnn[k
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This enables us to “reconstruct” M (satisfying ¢ ., as a limit of
models of size k, in the class /C.
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THE END...NOT QUITE! NEXT, A VIDEO...
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THE END...NOT QUITE! NEXT, A VIDEO...

But before the video, let us remember a magical moment of this
week, just as set theorists were gathering in this city:




	Symbiotic Relations
	Two Logic Groups: Caracas and Bogotá
	Combinatorial Set Theory / Model Theory

	Set Theoretic Combinatorics and Definability of AECs
	Some partition relations
	Reflection Classes - AECs
	``Algebraically minded model theory'' - Really?
	The Presentation Theorem
	Internal/Natural logic for an AEC

	Canonical Trees
	Capturing the AEC with a sentence derived from the canonical tree
	The combinatorics behind


