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A twisted case: quasiminimal classes

In a language L, a quasiminimal pregeometry class Q is a class of
pairs 〈H, clH〉 where H is an L-structure, clH is a pregeometry
operator on H such that the following conditions hold:
1. Closure under isomorphisms,
2. For each 〈H, clH〉 ∈ Q, the closure of any finite set is

countable,
3. If 〈H, clH〉 ∈ Q and X ⊆ H, then 〈 clH(X), clH〉 � clH(X) ∈ Q,
4. If 〈H, clH〉, 〈H′, clH′〉 ∈ Q, X ⊆ H, y ∈ H and f : H→ H′ is a

partial embedding defined on X ∪ {y} then y ∈ clH(X) iff
f(y) ∈ clH′(f(X)),

5. Homogeneity over countable models.
(Uniqueness of non-algebraic types. . . )
Moreover...
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On qm classes

(These are joint results with Zaniar Ghadernezhad. . . )
I If Q is a quasiminimal pregeometry class, M ∈ Q is of size ℵ1,
C = { cl(A) | A ⊆ M, A small}, then C has the free
aut-independence amalgamation property.

I Q quasiminimal pregeom. class→ for every model M of Q,
Aut(M) has SIP, therefore (e.g.) the so-called Zilber field has the
SIP.
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Aut-Independence
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AEC - the axioms, briefly

Fix K be a class of τ -structures, ≺K a binary relation on K.

Definition
(K,≺K) is an abstract elementary class iff
I K, ≺K are closed under isomorphism,
I M, N ∈ K, M ≺K N⇒ M ⊂ N,
I ≺K is a partial order,
I (TV) M ⊂ N ≺K N̄, M ≺K N̄⇒ M ≺K N,
I (↘LS) There is some κ = LS(K) ≥ ℵ0 such that for every M ∈ K, for every

A ⊂ |M|, there is N ≺K M with A ⊂ |N| and ‖N‖ ≤ |A| + LS(K),
I (Unions of ≺K-chains) A union of an arbitrary ≺K-chain in K belongs to
K, is a ≺K-extension of all models in the chain and is the sup of the chain.
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Examples

Natural constructions in Mathematics are examples of AEC (or metric AEC)

1. Complete first order theories

2. Homogeneous Model Theory

3. Excellent, quasiminimal classes

4. Various classes axiomatizable in Lω1,ω or Lκω .

5. Covers of Abelian algebraic groups

6. Metric AEC - stability theory started by Hirvonen and Hyttinen, Usvyatsov,
and continued by Zambrano and V.

7. Hilbert Spaces with Annihilation and Creation operators (Hyttinen, V.)

8. Gelfand triples (Zambrano, V.)

9. AECs of C∗-algebras (Argoty, Berenstein, V.)

10. Zilber analytic classes (pseudoexponentiation)

11. “Hart-Shelah”-like examples (Baldwin, Kolesnikov, V.)

12. Classes of ACVF? - NTP2 classes? (Not done yet!)
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Our “type of types” (Galois), Galois-stability, etc.

The correct notion of types in AECs with amalgamation (and JEP and arbitrarily
large models):

1. There is a large homogeneous model - the monster model C of the class.

2. We may define ga – tp(a/M) = ga – tp(b/M) if and only if there exists
f ∈ Aut(C/M) such that f(a) = b.

3. Thus, types are orbits of the action of the automorphism group of the
monster.

4. No topological analysis of “typespaces” so far.

5. By the way, all this generalizes syntactic notions of types.

6. Hyttinen and Kesälä have come up with clever use of “Lascar Galois strong
types” in Finitary AEC contexts...

7. Shelah in more recent work has (heavily axiomatized) notions of “regularity”
of types in contexts with “no oxygen” (AP)
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Plan

Closures, amalgams, AECs
Various origins
The definition of AECs
The Presentation Theorem - Galois types - stability

Axiomatizing an AEC: new results

A case for study: locally finite groups
Old issues and a somewhat different perspective
Definability schemes
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The canonical tree of an a.e.c.

This is joint work with Saharon Shelah.
Fix an a.e.c. K with vocabulary τ and LS(K) = κ.
Let λ = i2(κ + |τ |)+.
The canonical tree of K:
I Sn := {M ∈ K | for some ᾱ = ᾱM of length n, M has universe{

a∗α | α ∈ Sᾱ[M]
}
and m < n⇒ M � Sᾱ�m[M] ≺K M

}
(and

S0 =
{

Mempt
}
),

I S = SK :=
⋃

n Sn; this is a tree with ω levels under ≺K
(equivalenty under ⊆).
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S(K)
κ · ω

S3

S1

S2

S = S(K)κ · 4

κ · 3

κ · 2

κ
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Formulas ϕM,γ,n(x̄n)
For M in the canonical tree S at level n, a formula with κ · n free
variables, defined by induction on γ.
I γ = 0: ϕ0,0 = > (“truth”). If n > 0,

ϕM,0,n :=
∧

Diagn
κ(M),

the atomic diagram of M in κ · n variables.
I γ limit: Then

ϕM,γ,n(x̄n) :=
∧
β<γ

ϕM,β,n(x̄n).

I γ = β + 1: Then ϕM,γ,n(x̄n) is the Lλ+,κ+(τ ) formula

∀z̄[κ]
∨

N�KM
N∈Sn+1

∃x̄=n

ϕN,β,n+1(x̄n+1) ∧
∧

α<αn[N]

∨
δ∈S[N]

zα = xδ


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Testing the class against the tree - Does M ∈ K?

M

S = S(K)
κ

κ · 2

κ · 3

κ · 4

κ · ω
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So we have sentences ϕγ,0, for γ < λ+, such that i < j < λ+ implies
ϕj → ϕi. These sentences are better and better approximations of
the aec K; they describe how small models of the class embed into
arbitrary ones.
Let us take a closer look at low levels:



Closures, amalgams, AECs Axiomatizing an AEC: new results A case for study: locally finite groups

The catch (beginnings)

When does M |= ϕ1,0?

When in M,
∀z̄[κ]

∨
N∈M1

∃x̄=0

[
ϕN,0,1(x̄1) ∧

∧
α<α0[N]

∨
δ∈S[N] zα = xδ

]

That is, for every subset Z of M of size ≤ κ some model N in the
tree (level 1, of size κ) embeds into M, covering Z.

When does M |= ϕ2,0?
When in M,
∀z̄[κ]

∨
N∈M1

∃x̄=0

[
ϕN,1,1(x̄1) ∧

∧
α<α0[N]

∨
δ∈S[N] zα = xδ

]
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This is slightly more complicated to unravel:

∀z̄[κ]
∨

N∈M1
∃x̄=1

[
ϕN,1,1(x̄1) ∧

∧
α<α0[N]

∨
δ∈S[N] zα = xδ

]
For every subset Z of M of size ≤ κ some model N in the tree (at
level 1) M is such that M |= ϕN,1,1, through some “image of N”
covering Z. . .
for all Z′ ⊂ M of size κ there is some N′ �K N in the canonical tree,
at level 2, extending N, such that some tuple x̄=2 from M covers Z′

and is the “image” of N′ by an embedding
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The mezcal test - Does M ∈ K?

M

S = S(K)
κ

κ · 2

κ · 3

κ · 4

κ · ω
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Theorem
M ∈ K implies M |= ϕγ,0 for each γ < λ+
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Theorem
M |= ϕi2(κ)++2,0 implies M ∈ K
This much harder implication requires understanding the tree of
possible embeddings of small models; a partition property for
well-founded trees due to Komjath and Shelah is the key. . .
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The tree property enables us to “reconstruct” M (satisfying ϕλ+2,0 as
a limit of models of size κ, in the class K).
With this we can
I define “quantificational depth” of an aec (variants of

Baldwin-Shelah (building on Mekler and Eklöf) give examples
of high quantificational depth). . .

I get definability of the “strong submodel relation” ≺K . . . and
genuine variants of a Tarski-Vaught test

I a grip on biinterpretability of AECs. . .
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1975: the call for “algebraically-minded”. . .
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Locally finite groups; Hall’s theorem

A group G is locally finite - lf if every finitely generated subgroup is
finite.
G is an existentially closed lf group (also called universal locally
finite in the literature) if G is a lf group and for any two finite groups
K ⊆ L and embedding f : K→ G, f can be extended to g : L→ G.

The class Klf of lf groups is a non-first-order axiomatizable aec (it is
also a so-called “homogeneous diagram”), with ≺K=⊆. The subclass
Kexlf consists of the existentially closed lf groups in Klf.
Hall (1959) proved that every lf group can be extended to an exlf
group (“Hall’s universal lf group”).
G⊕ :=

{
f ∈ Sym(G) | ∃K ⊆fin G [a ∈ G→ aK = f(a)K]

}
.

(and iterate ω times!)
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Issues with naturality and cardinality

The “Hall extension” is good: canonical, and every automorphism
of G may be extended to an automorphism of G⊕.
But the cardinality jumps: |G⊕| = 2|G|.

Also, if G1 ⊆ G2. . . there is no information on the connection
between G⊕1 and G⊕2 .
Shelah (in [Sh:312]) proposes a way to deal with these two issues.
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Non-structure results in Kexlf

1. Grossberg-Shelah (1983): If λ = λℵ0 , then no G ∈ Kexlf of
cardinality λ is universal in the class.

2. Although Kexlf is ℵ0-categorical, it is far from being
uncountably categorical (Macintyre-Shelah, 1976): 2λ many
non-isomorphic models if λ > ℵ0.

3. Natural question: what about complete members of Kexlf —
groups with no non-inner automorphisms?

4. Hickin (1978): in ℵ1 there is a complete locally finite
group. . . really 2ℵ1 such groups.

5. Giorgetta-Shelah (1980s): many more non-structure
results. . . so, hopeless story?
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Definability schemes

Shelah approaches this “globally” and aims at findind a “stable core”
inside an extremely unstable class. For this, he proposes abstract
definability schemes.
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Canonical closure for locally finite groups

And gets “canonicity” of a new version of the old Hall closure of
locally finite groups by using the definability schemes.
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Back to the map

Conclusions/Questions:
I Understand non-stable AECs is now under way (Grossberg and

Mazari-Armida have made strong generalizations of Kim-Pillay
to simple AECs, and I have work in progress with Shelah and
with my student Nájar on dependent AECs - and dependent
diagrams).

I Definability schemes have not been used (so far) very much
elsewhere. They seem to hold a key for the specific case of
dependent homogeneous diagrams (results by Kaplan, Lavi
and Shelah, more results on the way). . .
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For your attention, thank you!

From Chía, Colombia - for the IC+QM London
joint Logic/Model Theory Seminar

November 2020
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