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A CoMBINATORIAL MEETING PoINT (THE PaR1s
CONNECTION)

In November 2018, after the
Montseny, I spent a few days in Paris

Boban Velickovic. The result of this
has been reported elsewhere and will
hopetully appear soon (mainly, work
on infinitary logics around Shelah’s
logic L1).

Café Léa, Rue Pascal / Rue
Claude-Bernard (2018)
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A CoMBINATORIAL MEETING PoINT (THE PaR1s
CONNECTION)

In November 2018, after the
Montseny, I spent a few days in Paris

Boban Velickovic. The result of this
has been reported elsewhere and will
hopetully appear soon (mainly, work
on infinitary logics around Shelah’s
logic L1).

ez e There was an interesting
Café Léa. Rue P ascél T combinatorial coincidence the last
Claude’—Bernard (2018) day of the visit, at Café Léa:

Komyjath-Shelah’s partition theorem
on well-ordered trees.
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ORDINALS AND ORDER TYPES FORM RAMSEY CLASSES. ..

Before stating Komjath-Shelah, let us just remember that cardinals
and order types form Ramsey classes (using here an informal
notion of “Ramsey Class”):
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ORDINALS AND ORDER TYPES FORM RAMSEY CLASSES. ..

Before stating Komjath-Shelah, let us just remember that cardinals
and order types form Ramsey classes (using here an informal
notion of “Ramsey Class”):

> it = (1)),

» Given an order type  and a cardinal p, there is
some order type 1 such that

¥ = ()
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500 HO\WEVER, SCATTERED ORDER TYPES DO NOT!

Of course, one might ask whether many other important classes (of
orders, e.g.) are “Ramsey”.
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500 HO\WEVER, SCATTERED ORDER TYPES DO NOT!

Of course, one might ask whether many other important classes (of
orders, e.g.) are “Ramsey”.

For instance, scattered order types do not form a Ramsey class!

[An order type ¢ is scattered iff n € ¢, where n = 0.1.[(Q, <)]; this
means there is no order-preserving embedding from the rationals
into a partially ordered set of order type ¢.]
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500 HO\X/EVER, SCATTERED ORDER TYPES DO NOT!

Of course, one might ask whether many other important classes (of
orders, e.g.) are “Ramsey”.

For instance, scattered order types do not form a Ramsey class!

[An order type ¢ is scattered iff n € ¢, where n = 0.1.[(Q, <)]; this
means there is no order-preserving embedding from the rationals
into a partially ordered set of order type ¢.]

There exists some scattered order type (s.o.t.) ¥ such that for every
s.0.t. o, we have

¢ 4 W11
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A POSITIVE RESULT: KOMJATH-SHELAH

Although s.o.t.’s do not outright form a Ramsey class, Komjath and
Shelah proved in 2003 a beautiful theorem giving a weaker form!:

Theorem
For every s.o.t. p and every cardinal p there exists a s.o.t. 1 such that

b =[]

Here, 1) — [(p]L,w means that, given an ordered set of (scattered)
order type 1, given a coloring F : S — 1, there exists a countable
subset X C p such that ™ (X) contains a subset of o.t. ¢.
(Homogeneity of the coloring is spread on w-many colors forming a
subset of the wanted order type.)

'P. Komjath, S. Shelah: A Partition Theorem for Scattered Order Types,
Combinatorics, Probability and Computing, 12(2003), 621-626.
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SCATTERED ORDERS - HAUSDORFF CHARACTERIZATION

HausdorfT characterized scattered order types as the smallest class
containing 0, 1 and closed under well-ordered sums and reverse
well-ordered sums.
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SCATTERED ORDERS - HAUSDORFF CHARACTERIZATION

HausdorfT characterized scattered order types as the smallest class
containing 0, 1 and closed under well-ordered sums and reverse
well-ordered sums.

This is very useful. As an example, it allows us to check that for
every scattered (S, <) with o.t. ¢ there is f : S — w such that
~1(n) has no subset of o.t. (w* +w)". So,

Dt (i)t (i SR

(Ilustrate proof on “blackboard”.)
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THE CRUCIAL (AND MOST USEFUL) LEMMA: PARTITIONING
WELL-FOUNDED TREES

On the way to their proof, Komjath and Shelah prove an even more
interesting (!) lemma, a partition relation on well-founded trees:
For any « let FS(«) be the tree of all descending sequences of
elements of . We use len(s) to denote the length of s € FS(«).

Lemma (Komjath-Shelah 2003)

Assume that o is an ordinal and . a cardinal. Set \ = (|04|“R°)+.
Suppose T = FS(A\*) and F : T — p. Then there is a subtree

T ={(05,..-,05) :S=(S0,---,5n) € FS(a)} of T and a function
C:w — psuch that for all s € T* we have F(s) = c(len(n)).

Crucial point: given « an ordinal, x a cardinal, if we color a large
enough well founded tree (of descending sequences of ordinals) into
w many colors, we may extract a subtree “of size |a|” where colors
only depend on the length of the sequence.
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REPRESENTING SCATTERED ORDER-TYPES

Let « be an ordinal, let
H(c) denote the set of functions f : o — {—1, 0, 1} such that

ID()] < No,

where D(f) = {8 < « | f(8) # 0}.
Let f < g iff f(8) < g(8) where 3 is the maximum ordinal where f
and g differ.

Lemma

Use Hausdorfl: enough to show that if ¢4, ¢2 can be embedded into
some H(a), then ANY well-ordered sum or reverse well-ordered
sum of ¢1, p2 can be. Enough to show that H(a) X 8 — H(a + )
and H(a) x 8* — H(a + 3).
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REPRESENTING SCATTERED ORDER-TYPES

Let « be an ordinal, let
H(c) denote the set of functions f : o — {—1, 0, 1} such that

ID()] < No,

where D(f) = {8 < « | f(8) # 0}.
Let f < g iff f(8) < g(3) where 3 is the maximum ordinal where f
and g differ.
Lemma
» H(«) is scattered, for every c.

» [fpisas.o.t., then ¢ can be embedded into some (H(), <).

Use Hausdorfl: enough to show that if ¢4, ¢2 can be embedded into
some H(a), then ANY well-ordered sum or reverse well-ordered
sum of ¢1, p2 can be. Enough to show that H(a) x 8 — H(a + )
and H(a) x 8* — H(a + 3).
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FROM WELL-FOUNDED TREES TO SCATTERED ORDER TYPES

To get that for every s.o.t. @, for every cardinal p there is a s.o.t. ¢
such that ¢ — [@]L,w. e
First, now enough to prove that given «, i there is some A such that

HOAY) = [H(@)],, -
Pick A as in the lemma: A = (|oz|“N0)+ and let G : H(A*) — pbea

coloring. From this, build a coloring F of FS(A*) ...and use the
lemma to get an a-subtree x(s | 8 € FS(«)) such that

Conclude by building from this an embedding from H(a) — H(A*)
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Capturing an Abstract Elementary Class
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THE CANONICAL TREE OF AN A.E.C.

This is joint work with Saharon Shelah.
Fix an a.e.c. K with vocabulary 7 and LS(K) = &.
Let A = Jo(k + |7])*.
The canonical tree of K:
» Sp:={M € K| for some & = ay of length n, M has universe
{a;; | @ & Sa[M]} and m<n=M [S@rm[M] <K M} (and
So = {Mempt});
> S =Sk =, Sn; this is a tree with w levels under <x
(equivalenty under C).
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S(K)

K- W

-4 S = S(K)

k-3
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FORMULAS m,4,n(Xn)
For M in the canonical tree S at level n, a formula with & - n free
variables, defined by induction on ~.

» v=0: pgo=T (“truth”). If n > 0,

omon = /\ Diagl(M),

the atomic diagram of M in & - n variables.
» ~ limit: Then
OM,y,n(Xn) = /\ oM, (Xn)-
B<y

» v =3+ 1: Then om,n(Xn) is the Ly+ +(7) formula

VZ|, \/ IXon | N80+t (Xnst) /\ \/ Zo =Xs

N~ M a<an[N] §€S[N]
N€8n+1
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TESTING THE CLASS AGAINST THE TREE - DoEs M € K?

M
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So we have sentences ¢ o, for v < A*, such that i < j < A* implies

¢j — ¢i. These sentences are better and better approximations of

the aec IC; they describe how small models of the class embed into
arbitrary ones.

Let us take a closer look at low levels:
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THE CATCH (BEGINNINGS)

When does M = ¢1 o2
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THE CATCH (BEGINNINGS)

When does M = ¢4 o?
When in M,

VZ Ve, FX<0 [SON,O,1 (X1) A Aa<agiNg Vsesing Za = Xs
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THE CATCH (BEGINNINGS)

When does M = ¢4 o?
When in M,

VZ Ve, FX<0 [SON,O,1 (X1) A Aa<agiNg Vsesing Za = Xs

That is, for every subset Z of M of size < x some model N in the
tree (level 1, of size k) embeds into M, covering Z.



A Combinatorial Meeting Point Capturing an Abstract Elementary Class Comparing Two Infinitary Logics
00000000 000000@000000 000000000000 000000

THE CATCH (BEGINNINGS)

When does M = ¢4 o?
When in M,

VZ Ve, FX<0 [SON,O,1 (X1) A Aa<agiNg Vsesing Za = Xs

That is, for every subset Z of M of size < x some model N in the
tree (level 1, of size k) embeds into M, covering Z.

When does M = ¢2 o2



A Combinatorial Meeting Point Capturing an Abstract Elementary Class Comparing Two Infinitary Logics
00000000 000000@000000 000000000000 000000

THE CATCH (BEGINNINGS)

When does M = ¢4 o?
When in M,

VZ Ve, FX<0 [SON,O,1 (X1) A Aa<agiNg Vsesing Za = Xs

That is, for every subset Z of M of size < x some model N in the
tree (level 1, of size k) embeds into M, covering Z.

When does M = ¢2 o2
When in M,

VZ1g Ve, F%<0 [SDN,1,1 (X1) A NacagNg Vsesng Za = Xs
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THIS 1S SLIGHTLY MORE COMPLICATED TO UNRAVEL:

VZ1 Ve, IX=1 [‘PN,1,1 (X1) A NcagNg Vsesing Za = x(;}

For every subset Z of M of size < k some model N in the tree (at
level 1) M is such that M |= ¢y 1 1, through some “image of N”
covering Z...

for all Z' ¢ M of size & there is some N’ =, N in the canonical tree,
at level 2, extending N, such that some tuple X_» from M covers Z’
and is the “image” of N’ by an embedding
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THE MEZCAL TEST - DoEs M € KC?
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Theorem
M € K implies M |= ., o for each v < A*
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Theorem

M = @, (k)++2,0 implies M € K

This much harder implication requires understanding the tree of
possible embeddings of small models; the partition property due to
Komjath and Shelah is the key...
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THE COMBINATORICS BEHIND: OUR BY NOW OLD FRIEND. ..

Theorem (Komjath-Shelah (2003))
Let o be an ordinal and p a cardinal. Set \ = (lozl“No) and let

F(ds(A\*)) — w be a colonring of the tree of finite descending sequences
of ordinals < \. Then there are an embedding o : dS( ) — ds(\) and
a function C : w — p such that for every n € ds(«) of lengthn + 1

We apply it with number of colours y equal to x!T** = 2%;
therefore (2%)% = 2%, We thus obtain a sequence (1)n)n<w>
7n € ds(A) such that:

k<m<n£e{l,2} =N, =N
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The tree property enables us to “reconstruct” M (satisfying vy .20 as
a limit of models of size &, in the class ).
With this we can

» define “quantificational depth” of an acc (variants of
Baldwin-Shelah (building on Mekler and EkI6f) give examples
of high quantificational depth)...

» get definability of the “strong submodel relation” < ...and
genuine variants of a Tarski-Vaught test

» a grip on biinterpretability of AECs...
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Pran

Comparing Two Infinitary Logics
Shelah’s logic L}
Approximations from above: chain logic, ...
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A (VAANANEN) MAP OF VARIOUS INFINITARY LOGICS
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New Loaics
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Crose Up...

1,ch | 1
LKJ ’L/{,Oé
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Crose Up...

1,ch | 1
LKJ ’L/{,Oé

L1 e A Laec
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INTERPOLATION

> Craig(Lyew, Ligeyr) (Malitz 1971).
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INTERPOLATION

> Craig(me, L(2n)+n+) (Malitz 1971).
If ¢ = 1), where @ is a 71-sentence and 1 is a To-sentence and
both are in L,+,, then
there exists x € Lipr)+ .+ (14 N 72) such that

o = it

» The original argument used “consistency properties”. Other
proofs have stressed the “Topological Separation” aspect of
Interpolation.
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SO WHAT ABOUT “BALANCING”~ INTERPOLATION?
» Problem: Find L* such that
Lo = L7 S

and Craig(L*).
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SO WHAT ABOUT “BALANCING”~ INTERPOLATION?
» Problem: Find L* such that
Lo = L7 S

and Craig(L*).

» Shelah, 2012: For singular strong limit ~ of cofinality w there is
a logic ! such that

U Lvw <L < | Laeas

A<K A<k

and Craig(L}).
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SO WHAT ABOUT “BALANCING”~ INTERPOLATION?
» Problem: Find L* such that
Lo = L7 S

and Craig(L*).

» Shelah, 2012: For singular strong limit ~ of cofinality w there is
a logic ! such that

U Lvw <L < | Laeas
A<k A<k
and Craig(L}).
» Moreover, in the case x = J,,, the logic L,L also has a

Lindstrom-type characterization as the maximal logic with a
peculiar strong form of undefinability of well-order.
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A DESCRIPTION OF SHELAH’S LOGIC L

» Shelah’s L! is not really defined as usual; rather, it is defined by
declaring what its elementary equivalence relation is.
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» Shelah’s L! is not really defined as usual; rather, it is defined by
declaring what its elementary equivalence relation is.

» This elementary equivalence relation is given by an EF-game
type equivalence.
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A DESCRIPTION OF SHELAH’S LOGIC L

» Shelah’s L! is not really defined as usual; rather, it is defined by
declaring what its elementary equivalence relation is.

» This elementary equivalence relation is given by an EF-game
type equivalence.

» Then...what is the syntax of Shelah’s logic?
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A DESCRIPTION OF SHELAH’S LOGIC L

» Shelah’s L! is not really defined as usual; rather, it is defined by
declaring what its elementary equivalence relation is.

» This elementary equivalence relation is given by an EF-game
type equivalence.

» Then...what is the syntax of Shelah’s logic?

» We describe two partial answers, one approaching from below
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SHELAH’S GAME Gg (M, N).

ANTI ISO
Bo < 3, a0
fo:a® = w,gg:M— Nap.i
81 < fo, b’ :
fira' 2w,y :M—=Nap.i,g; 29
Constraints:

> len(a") <6
> f51(m) C dom(g,,) for m < n.
> fon,1(M) C ran(gy,) form < n.

ISO wins if she can play all her moves, otherwise ANTT wins.
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> M Ng N iff ISO has a winning strategy in the game.
> M Eg N is defined as the transitive closure of M N'g N.

» A union of < Jg,1(6) equivalence classes of E’g for some 0 < K
and 8 < 6* is called a sentence of L.



A Combinatorial Meeting Point Capturing an Abstract Elementary Class Comparing Two Infinitary Logics
00000000 0000000000000 0000000000000 0000

SHELAH’S GAME Gg (M, N).

B M N
o / \
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SHELAH’S GAME Gg (M, N).

B M N
BO ([ Ao \ / \
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SHELAH’S GAME Gg (M, N).

o (2 A = W
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SHELAH’S GAME Gg (M, N).

Bo /ag \ 7 ~




A Combinatorial Meeting Point Capturing an Abstract Elementary Class Comparing Two Infinitary Logics
00000000 0000000000000 000000000800000000
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Bo /ag \ 7 ~

N el &
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SHELAH’S GAME Gg (M, N).

Bo /ag \ 7 ~
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SHELAH’S GAME Gg (M, N).

B M N
Bo € \ i ~

5 \j “

_
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SHELAH’S GAME Gg (M, N).

B M N
Bo € \ i ~

B O/\j .l
B2
\ O G ] a

_




A Combinatorial Meeting Point Capturing an Abstract Elementary Class Comparing Two Infinitary Logics
00000000 0000000000000 000000000080000000
|

MUSINGS ON APPROXIMATION FROM ABOVE
1,ch | 1
LKJ ’L/{,Oé

r

L'I
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I: CHAIN Locic L °": Caror Karp

» Syntax: Ly, & singular strong limit of cof w.

» Semantics in chain models (Mg C My C .. )

» IX¢ means IX((\/,, /\j Xj € Mn) A ¢)

> Craig(L!°") (E. Cunningham, 1975)

= 1 [

BRIRE e

» “Chu-transform” (Chu-spaces) is used as a device to compare
logics.
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II: FROM ABOVE, A NEW GAME (OTHER SPLITTINGS)

» L! is robust, but the lack of proper syntax if problematic.

simpler logic and then show that it is the same as L, under
conditions on K.
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THE MODIFIED GAME G;:g (M, N).

Bo < B, a0
fo:a%® = a,99:M— Nap.i
By < Bo, b’ B
fi:a0ub' — a,9; :M— Nap.i,g; 2
Constraints:

> len(@) < 6, len(b") < 6.

> fi1(X) < fi(x) if fi(x) # 0.

> 51(0) C dom(gy,) for m < n.
> f51.1(0) C ran(gyy) for m < n.

Player II wins if she can play all her moves, otherwise Player I wins.
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FroM ABOVE, THE VAANANEN-VELICKOVIC VARIANT OF THE
GAME

> G;:g(M, N) is the EF-game of a logic L;,a up to the
quantifier-rank .

» Ifw <a<a and f <, then L; < L;’a < L;’a, < Ly

» If v is indecomposable, then “Player II has a winning strategy
in G;:Q(M, N)” is transitive and L:w has a syntax (less clear

than that of our L}°).
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FroM ABOVE, THE VAANANEN-VELICKOVIC VARIANT OF THE

GAME

Theorem
If = 3, and o is indecomposable, then L = L;,a.
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COMPARISON OF THE TWO GAMES:

Trivially: If 8/ < 3,6’ <6 and o < &, then

1+ Gy2(A,B) = Il 1 Gy (A, B).

Theorem
For every [3 there is 3* such that

I+ G (A,B) = Il + Gy (A, B).

Here if k = 3, and 8 < K, then 8* < k. The proof uses...the same
Komjath-Shelah lemma we now have seen!
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MERCI BEAUCOUP A TOUS POUR VOTRE ATTENTION !
ET MERCI, MIRNA, POUR L’ INVITATION !

Depuis la campagne pres Bogota, pour le Séminaire
de Théorie des Ensembles de Paris, juin 2020



	A Combinatorial Meeting Point
	Capturing an Abstract Elementary Class
	Comparing Two Infinitary Logics
	Shelah's logic L1
	Approximations from above: chain logic, …


