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At the beginning of the 20th century, the crisis in foundations of
mathematics opened intense avenues of discussion inside the
mathematical community. Russell’s paradox generated serious
interest among mathematicians and philosophers.
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AN APPARENT CRISIS... AGAIN?

At the beginning of the 20th century, the crisis in foundations of
mathematics opened intense avenues of discussion inside the
mathematical community. Russell’s paradox generated serious
interest among mathematicians and philosophers.

A century later: mathematical logic is a full-fledged branch of
mathematics, extremely sophisticated (four main subareas, problems
in interaction with non-commutative geometry, mathematical
physics, etc.).

To most logicians, foundations have been relegated to an absolute
background.

In 2006 a new crisis is looming, after Voevodsky’s work.
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VOEVODSKY - A STORY OF COMPLICATED BACK-AND-FORTHS

Voevodsky (1966-2017) in his short life
received many accolades: Fields Medal in
2002 (age 36), for his new cohomology
theories for algebraic varieties. He
proved conjectures by Milnor and
Bloch-Kato, connecting K-theoretic
groups of fields, and Galois cohomology.
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VOEVODSKY - A STORY OF COMPLICATED BACK-AND-FORTHS

Voevodsky (1966-2017) in his short life
received many accolades: Fields Medal in
2002 (age 36), for his new cohomology
theories for algebraic varieties. He
proved conjectures by Milnor and
Bloch-Kato, connecting K-theoretic
groups of fields, and Galois cohomology.
From the IAS (Princeton) obituary: “He
had a deep understanding of classical
homotopy theory, where the objects
considered are flexible, meaning
continuous deformations are
neglected, and was able to transpose..”
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“0o-Groupoids as a Model for a Homotopy
Theory” - they applied his ideas to motivic
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VOEVODSKY - A STORY OF COMPLICATED BACK-AND-FORTHS

» 1990: Voevodsky & Kapranov:
“0o-Groupoids as a Model for a Homotopy
Theory” - they applied his ideas to motivic
cohomology

> 1992: “Cohomological Theory of Presheaves
with Transfers” - the base of later work
with Suslin, Friedlander, etc.

» 1999-2000: lecture series at the IAS: he
identified a mistake in a key lemma from his
1992 paper - more problematic situations

» 2009: univalent models ... computational
verification
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TwO DIFFERENT KINDS OF PATHOLOGIES: IN OBJECTS. oY

The previous crisis, a century ago, was mainly a crisis on the
(ontological) status of mathematical objects:

» What are real numbers? What’s their cardinality, really?
» What are sets, really? - Russell’s Paradox

» How do we “anchor” the reals, the continuum, on the
natural numbers?

» What’s the nature of Cantor’s infinities?

» How do we base the rest of mathematics on set theory?
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» How do we base the rest of mathematics on set theory?

Voevodsky unveiled a crisis of mathematical proofs, rather than
objects!
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TwO DIFFERENT KINDS OF PATHOLOGIES: IN PROOFS...

Voevodsky unveiled a crisis of mathematical proofs, rather than
objects!
» How do we weed out a wrong lemma?
» How to reduce our creation to something “programmable”
- 5o as to avoid mistakes?

» How to ground mathematics (at least, the part close to
Voevodsky’s work) in a different way, close to the two
previous questions?
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A POSSIBLE REACTION

ZFE€ —  Univalent Foundations (UF)
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SET THEORY, SEEN FROM OUTSIDE

In 2016, during an event in Bielefeld where ZFC was being compared
with UF. Set Theorist Mirna DZamonja summarized the view from
outside of set theory:
» ZFC axioms plus possible the existence of large cardinals
» Important for foundations of mathematics, since many classical
notions may be axiomatized in set theory and can be
represented in von Neumann'’s cumulative hierarchy.
» Hilbert thought that all mathematics could be formulated in
basic set theory...
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SET THEORY, SEEN FROM OUTSIDE

In 2016, during an event in Bielefeld where ZFC was being compared
with UF. Set Theorist Mirna DZamonja summarized the view from
outside of set theory:

» ZFC axioms plus possible the existence of large cardinals

» Important for foundations of mathematics, since many classical
notions may be axiomatized in set theory and can be
represented in von Neumann'’s cumulative hierarchy.

» Hilbert thought that all mathematics could be formulated in
basic set theory...

In a volume from 2015 celebrating the work of the logician Jouko
Véaninen, his colleague Roman Kossak summarized the absolute
success of ZFC: a measure of the success of these foundations is
that mathematicians do not care about these matters
anymore. (I would add mathematical logicians to Kossak’s claim!)
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SET THEORY, SEEN FROM WITHIN

» By Godel’s Incompleteness Theorem, it is better to concentrate
on what can be done in ZFC and study what cannot, through
independence proofs (Shelah, The Future of Set Theory)

» Continue the search for “natural” axioms in addition to ZFC,
with the hope of proving questions such as CH, etc. (Godel’s
program, the California Set Theory school, Woodin, etc.)

» Use axioms such as V = L, etc. (too restrictive)
Forcing Axioms (MA, MM, PFA, etc.) - Magidor, Viale, etc.

» Look for structural features of the continuum through detailed
combinatorial analysis, or pcf theory, or careful use of
ultraproducts, etc.

v
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How CRISES UNFOLD, AND WHENCE THEY COME

We may (as mathematicians!) look at the kind of questions that gave
rise to the crisis of a century ago and what kind of responses
appeared (and keep appearing):
» In Set Theory, the role of the Continuum Problem and some of
its answers.
» In HoTT+UF, the role of Grothendieck’s question on
deformations, deformations of deformations, etc.
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CANTOR - HILBERT - GODEL

Cantor 1878: Does there exist an infinite, uncountable A C R,
not in bijection with R?

2

RN 1
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Hilbert 1900: First problem: prove (or refute) the Continuum
Hypothesis.
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CANTOR - HILBERT - GODEL

Cantor 1878: Does there exist an infinite, uncountable A C R,
not in bijection with R?

2

RN 1

Hilbert 1900: First problem: prove (or refute) the Continuum
Hypothesis.

Godel 1940: The Continuum Hypothesis cannot be refuted:
in L, a “model of ZFC”, the Continuum Hypothesis
holds. Key point: the rigidity of L (Condensation).
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Only restriction in ZFC on the size of the continuum:
Kénig cf 2% £ o).

And further structural questions:
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More precisely: Which properties of an abstract ordering (X, <)
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REALLY CAPTURING THE REALS

Only restriction in ZFC on the size of the continuum:
Kénig cf 2% £ o).

And further structural questions:

Suslin: How can we characterize the structure (R, <)?

More precisely: Which properties of an abstract ordering (X, <)
imply that (X, <) ~ (R, <))?

total dense order without endpoints + Dedekind-complete? (1)

this is not enough! the “long line” (w;-many copies of the interval
10, 1], with the usual order) also satisfies (1).

Theorem
(Cantor, 189x) If (X, <) = (1) and there exists a countable dense
D€ X Such-iliat (D= ras-(QeeHen (X. <o iR ).
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THE TWO AXES: CARDINAL VS STRUCTURE

Suslin (1920): Is (1) + ccc sufficient?
Suslin’s Hypothesis (SH): yes. But...
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THE TWO AXES: CARDINAL VS STRUCTURE

Suslin (1920): Is (1) + ccc sufficient?
Suslin’s Hypothesis (SH): yes. But...SH is independent!

set theory
analysis
topolog
model t
algebra

g
»

1962

continuum problem

Suslin, Lusin,
Lebesgue, etc.
0

>
»

structure of the reals
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SET THEORY ZEITGEIST C. 1960 / THE WILD SIXTIES

» Dana Scott: No measurable cardinals in L.

v

Azriel Lévy: L(R) - relative constructibility.

» Alfred Tarski: model theory with a very strong structural
emphasis in Berkeley. The “West Coast” style.

» Michael Morley: categoricity transfer - combinatorial set theory
used in model theory (thesis supervisor: S. Mac Lane).

» Jerry Keisler: initial work in models of set theory and invariants

of large cardinals.
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SET THEORY ZEITGEIST C. 1960 / THE WILD SIXTIES

» Dana Scott: No measurable cardinals in L.

v

Azriel Lévy: L(R) - relative constructibility.

» Alfred Tarski: model theory with a very strong structural
emphasis in Berkeley. The “West Coast” style.

» Michael Morley: categoricity transfer - combinatorial set theory
used in model theory (thesis supervisor: S. Mac Lane).
» Jerry Keisler: initial work in models of set theory and invariants
of large cardinals.
There were no techniques for constructing models

of ZFC beyond L and levels of the von Neumann
hierarchy!
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Paur CoHEN (1934-2007)

THE INDEPENDENCE OF THE CONTINUUM HYPOTHESIS
By Pavn J. Couns*
DEARTMENT OF MATHEMATICS, STANPORD UNLVERSITY
Communicated by Kurl Gadel, September 30, 1963

This is the first of two notes in which we outline a proof of the fact that the Con-
tinuum Hy pothesis cannot be derived from the other axioms of set theory, including
the Axiom of Choice. Since Gidel® has shown that the Continuum Hypothesis is
consistent with these axioms, the independence of the hypothesis is thus estab-
lished. We shall work with the usual axioms for Zermelo-Fraenkel set theory,? and
hy Z-F we shall denote these axioms without the Axiom of Choice, (but with the
Axiom of Regularity). By a model for Z-F we shall always mean a collection of
actual sets with the usual e-relation satisfying Z-1.  We use the standard defini-
tions® for the set of integers w, ordinal, and cardinal numbers.

Turones 1. There are models for Z-F in which the following ocour:

(1) There is a 3¢t a, a C w such that @ is not construelible in the sense of reference
3, et the Axiom of Choice and the Generalized Continaeuwm Hypothesis both hold.

(2} The continuum (i.e., ®{w) where ® means power sel) has no well-ordering.

(8} The Awiom of Chaice holds, but ¥ # 2%,

(4)  The Awiom of Cheice for countable pairs of elements in #{(@ () fodls,

Only part 3 will be diseussed in this paper. In parts 1 and 3 the universe is well-
ordered hy a single definable relation.  Note that 4 implies that there is no simple

Angus Maclntyre: “(Cohen) had done work that should long outlast our times. For

mathematical logic, and the broader culture that surrounds it, his name belongs with that of

Godel. Nothing more dramatic than their work has happened in the history of the subject.”
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ADDING REALS - ADJOINING ROOTS

How to obtain N |= ZFC + —~CH?
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ADDING REALS - ADJOINING ROOTS

How to obtain N |= ZFC + —~CH?
Let M be a countable transitive model of ZFC. In principle, we could
have M |= CH (as maybe...so far... ZFC - CH).

N o(M)=0(N)

wM, WM, etc. are countable ordinals in V.
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ADDING REALS OR ROOTS

InV:

& Fix d = (a¢|¢ < wi') a sequence of wj' different reals (or subsets
of w, or elements of “2, which are not in M).

& Adddto M.. to get N = M[d]. Then
NEc>w

(because of a).
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InV:

& Fix d = (a¢|¢ < wi') a sequence of wj' different reals (or subsets
of w, or elements of “2, which are not in M).

& Adddto M.. to get N = M[d]. Then
NEc>w

(because of a).

Problem with the previous naive scheme: adding @ to M and getting a model of
ZFC, with the same ordinals and cardinals. Indeed, we need

N M
W= Wy
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ADDING REALS OR ROOTS

InV:

& Fix d = (a¢|¢ < wi') a sequence of wj' different reals (or subsets
of w, or elements of “2, which are not in M).

& Adddto M.. to get N = M[d]. Then
NEc>w

(because of a).

Problem with the previous naive scheme: adding @ to M and getting a model of
ZFC, with the same ordinals and cardinals. Indeed, we need

N M
W= Wy

Try something like N = M U {d}?
What does this model?



New foundations?  The first crisis: Why ZFC? What does ZFC achieve? = HoTT + UF (Homotopy Type Theory + Univalent Foundations)

000000000 000000e00000000 0000000000000V 0000000
:

ADDING REALS OR ROOTS

InV:

& Fix d = (a¢|¢ < wi') a sequence of wj' different reals (or subsets
of w, or elements of “2, which are not in M).

& Add dto M... to get N = M[d]. Then
NEc>w

(because of a).
Problem with the previous naive scheme: adding @ to M and getting a model of
ZFC, with the same ordinals and cardinals. Indeed, we need
N M
Wy W

Try something like N = M U {d}?
What does this model?
Not much! But we should certainly add whatever is constructible from d. For

example, we should have that {¢|(ag)® > 8} € N.
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ADDING REALS OR ROOTS

Allegory:

Pick a field | Extend it | We don’t have Close it un-
(eg. QorF,) | to Q[n] or der...
Q[v2] Q[r] = Qu{r}
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ADDING REALS OR ROOTS

Allegory:
Pick a field | Extend it | We don’t have | Close it un-
(e.g. QorF,) | to Q[n] or der...
Q[v2] Q[r] = QU {r}

Start with | Add N, new | We are far from | What does
M = | reals (a) a model of ZFC | that mean in
ZFC + CH our case?
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ADDING REALS OR ROOTS

Allegory:
Pick a field | Extend it | We don’t have Close it un-
(e.g. QorF,) | to Q[r] or der...
Q[v2] Q[r] = Qu{r}
Start with | Add N, new | We are far from | What does
M = | reals (d) a model of ZFC | that mean in
A5 our case?

Same ordinals: M N On = N N On.

Same cardinals: if « € M N On and (« is a cardinal) then (v is a
ontq

cardinal)V. In N: =38 < o(f : B == a).
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ADDING K-MANY DIFFERENT REALS

To get N |= ~CH, we use P = Fn(X}!, 2). So, N |= 2% > R,.
As (P is ccc)™, N and M have the same cardinals.

U G codifies a k-sequence of different reals dg.

La codificacion de « reales distintos:

L U Why are all those R, reals different? By

UG w02 genericity: if o < 8 < Ny, the set

Fap = {p € Pl3nlp(w - a+ ) #
ay(n) =JGw-2+n)

plw-B+n)Aw-a+n,w-B+n € dom(p)]}

aa(n) = UG- a+n)

is dense.

Mg iw— 2
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THE EXTENSION MUST BE GENERIC

Cohen, on genericity: thus a must have certain special

properties... Rather than describe a directly, it is better to examine the
various properties of a and determine which are desirable and which
are not. The chief point is that we do not wish a to contain “special”
information about M, which can only be seen from the outside... The a
which we construct will be referred to as a “generic” set relative to M.
The idea is that all the properties of a must be “forced” to hold merely
on the basis that a behaves like a “generic” set in M. This concept of
deciding when a statement about a is “forced” to hold is the key point
of the construction.
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THE UNIVERSE OF NAMES MP

el universo inicial

el universo de
nombres
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THE UNIVERSE OF NAMES MP

el universo inicial

el universo de
nombres

Definition (P-names)

7 is a P-name iff 7 is a relation such that if (o, q) € 7, o is a P-name
and ¢ € P. VP is the class of all P-names.
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THE GENERIC MODEL M|G]| - TWO STEPS!

Definicién (The generic extension)

Given a filter G, a P-name 7,
76 = val(t,G) = {o¢|{0,q) € T A q € G}.
M|G] = {rg|T € M, T is a P-name}.

M M val gen

el universo inicial

la extensién
el universo de ) . "generica"
nombres - via G
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TRUTH AND DEFINIBILITY LEMMAS

How does one control what is forced? A larger part of the technical
construction goes through the tools to control in M what is forced to
hold in a model M[G]. This is not a trivial step: in the interesting
cases, G € M.
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TRUTH AND DEFINIBILITY LEMMAS

How does one control what is forced? A larger part of the technical
construction goes through the tools to control in M what is forced to
hold in a model M[G]. This is not a trivial step: in the interesting
cases, G € M.

The control of “what’s forced” is achieved through a “forcing logic”
very close to sheaves over partially ordered sets, and through a
“Generic Model Theorem”: the Definability Lemma roughly says
that IF- is definable in M.

(p I ¢ as a predicate of two variables cannot be defined in M, for
much the same reason that M |= ¢ is not definable in M [Tarski]).
The Truth Lemma says exactly how truth |= works in the generic
extension M[G].
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FORCING THEOREMS - ITERATED FORCING AND MA

During the first years after Cohen’s work, Solovay and Silver at
Berkeley refined the theory and turned it into a tool of enormous
power to build models of many interesting statements.
Additionally, Martin captured many questions of the early 20th
century in terms of a unique “forcing axiom” (called Martin’s
Axiom), with many interesting consequences under the failure of the
Continuum Hypothesis.

The idea to prove the Consistency of Martin’s Axiom used Iterated
Forcing (just as forcing but controlling the expansions of the
universe after (transfinite) iterations of forcing). This is not trivial:
at limit stages many objects may appear that could alter seriously
the properties of the universes involved.
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SOME ADDITIONAL DIRECTIONS

» (Kennedy, Magidor, Vaddnanen - current work): Logics in
between first and second order, with generalized quantifiers,
and their connection with inner models of set theory.

(Woodin, 1999) Q-logic (this would imply that CH is false)

(Woodin, 2010) Ultimate-L (if it exists, CH is true)

» (Dzamonja, Vadninen - currently) J,,-compactness of the
“chain” logic Lf!f,,C with x strong limit singular - this would
imply the Singular Cardinal Hypothesis (Shelah) for those
cardinals.

» (Shelah, 1995) A theory that allows in ZFC to provide robust

answer to the Continuum Hypothesis, with a flavor akin to

localizations in number theory: pef theory.

V.V

» (Vainanen, Villaveces - current work): Logics in between first
and second order, associated to singular cardinal and some
control of interpolation.
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A PROBLEM DUE TO GROTHENDIECK

Shulman motivated the subject of Homotopy Type Theory via this
Grothendieck problem:

... the study of n-truncated homotopy types (of semisim-
plicial sets, or of topological spaces) [should be] essentially
equivalent to the study of so-called n-groupoids. . . . This
is expected to be achieved by associating to any space (say) X
its “fundamental n-groupoid”[ [, (X). The obvious idea is that
0-objects of [ [,,(X) should be the points of X, 1-objects should
be “homotopies” or paths between points, 2-objects should be
homotopies between 1-objects, etc.

Grothendieck, 1983
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TYPES VS SETS - EXTENSIONALITY

Recall the Axiom of Extensionality of set theory:
Ext: VaVy(Vz(z €Ex o z € y) > x = y)

The role of equality is in some sense over-defined. Mixed with the
Axiom of Choice and the Excluded Middle Principle, working in
ZFC, we get the extremely powerful theory we use in a large part of
mathematics. ..
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TYPES VS SETS - EXTENSIONALITY

Recall the Axiom of Extensionality of set theory:
Ext: VaVy(Vz(z €Ex o z € y) > x = y)

The role of equality is in some sense over-defined. Mixed with the
Axiom of Choice and the Excluded Middle Principle, working in
ZFC, we get the extremely powerful theory we use in a large part of
mathematics. ..

but we (seem to) lose the possibility of thinking equality as
equivalence.

We thus mainly abandon the idea of extensionality.
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DEPENDENT TYPE THEORY (MARTIN-LOF)

We thus mainly abandon the idea of extensionality...

and we replace first order logic by a type theory. The origins date back to Russell,
but in the 1960s Per Martin-Lof constructed (for reasons that were back then linked
to the study of randomness and probability) his dependent type theory. This may

also be regarded (de Bruijn) as a computational language:
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DEPENDENT TYPE THEORY (MARTIN-LOF)

We thus mainly abandon the idea of extensionality...

and we replace first order logic by a type theory. The origins date back to Russell,
but in the 1960s Per Martin-Lof constructed (for reasons that were back then linked
to the study of randomness and probability) his dependent type theory. This may
also be regarded (de Bruijn) as a computational language:

Basic expressions (contexts) are of the form

term : Type

for example, x : No y : R...
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DEPENDENT TYPE THEORY (MARTIN-LOF)

Basic expressions (contexts) are of the form
term : Type

for example, x : No y : R...
And from contexts we may pass on to proofs or judgments
according to certain rules:

x:N,y:RF(Gx*+2,xxy):NxR
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CLASSIFYING CATEGORY

We may integrate all of these items into the (so called) “Classifying”
Category (of contexts) Ctx. In this category:

» Objects are contexts, and

» Morphisms are judgments |-

I'Fa:A
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CLASSIFYING CATEGORY

We may integrate all of these items into the (so called) “Classifying”
Category (of contexts) Ctx. In this category:

» Objects are contexts, and

» Morphisms are judgments |-

I'Fa:A

This looks like...a deduction ???
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DEPENDENCE

When we write
I'ta:A

we think of a as a morphism from I into A.
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DEPENDENCE

When we write
I'ta:A

we think of a as a morphism from I into A.
And when writing
I'-B type
we think of B as a family of contexts. In this sense
» Contexts with variables are types and

» those with no variables (after substitution by constants) are
morphisms.

Dependent Type Theory centers on how to treat those substitutions.
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DEDUCTIONS - A PROOF SYSTEM

There are several other rules and constructions:

Type Format Notation (special case)
Inhabitant aA

Dependent type oot ALEB (o)

Sigma (sum) Z(XtA) B(x) AXB

Pi (product) H(x:A)B(X) A— B
Coproduct A+ B

Identity Idj(a,b),a=1b

Universe U

Base Nat, Bool, 1, 0

and extensionality axioms on morphismos...

I'FA type;I';n: AFB type
! i H(M)B F type
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CONNECTION WITH PROPOSITIONAL LOGIC AND SETS

The format numerator (premise) / denominator (conclusion) is very
close to formal languages and was implemented for proof assistants.
The most famous of them in this context is Coq (No excluded
middle!)



New foundations?  The first crisis: Why ZFC? What does ZFC achieve? ~ HoTT + UF (Homotopy Type Theory + Univalent Foundations)

000000000 000000000000000 0000000®0000000000000
:

CONNECTION WITH PROPOSITIONAL LOGIC AND SETS

The format numerator (premise) / denominator (conclusion) is very
close to formal languages and was implemented for proof assistants.
The most famous of them in this context is Coq (No excluded
middle!)

Mhexel |1 2 3 n
Type | V/F | Set | Morph | --- | n-types
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CONNECTION WITH PROPOSITIONAL LOGIC AND SETS

The format numerator (premise) / denominator (conclusion) is very
close to formal languages and was implemented for proof assistants.
The most famous of them in this context is Coq (No excluded
middle!)

Mhexel |1 2 3 n
Type | V/F | Set | Morph | --- | n-types

In this sense type theory could seem to be a generalization of set
theory, but this is NOT the case (set theory does not merely consist
of its objects but also of axioms, and first order logic - Dzamonja).
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IDENTITY - NON-IDENTITY - TWO IDENTITIES?

In Martin-Lof’s theory the type Ida(x, y) captures the idea that the
propositions x and y are equivalent. Therefore we may prove their
equivalence in the system.
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IDENTITY - NON-IDENTITY - TWO IDENTITIES?

In Martin-Lof’s theory the type Ida(x, y) captures the idea that the
propositions x and y are equivalent. Therefore we may prove their
equivalence in the system.
All this opens the way to two different kinds of identity:
» Definitional Identity A = B (types) and x = y : A for objects
of a given type, and

» Propositional Identity Ids(x, y).

Clearly, definitional identity implies propositional identity; the
converse usually does not hold.
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IDENTITY VS DEFORMATION

» Martin-Lo6f: some ways of perceiving the problem of the two
identities add further judgments but may have Russell-like
paradoxes (Girard). ..



New foundations?  The first crisis: Why ZFC? What does ZFC achieve? ~ HoTT + UF (Homotopy Type Theory + Univalent Foundations)

000000000 000000000000000 000000000 ®00000000000
:

IDENTITY VS DEFORMATION

» Martin-Lof: some ways of perceiving the problem of the two
identities add further judgments but may have Russell-like
paradoxes (Girard). ..

» enter Voevodsky with his Univalence Axiom: Id = Egq.

Building carefully the Univalence Axiom is quite delicate (a frequent
reading of this is the univalence type is inhabited).
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STANDARD MODEL

Sl (PN1hS
XIfx3 %
TA 1=
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IN TOPOLOGY: 00O-GROUPOIDS

The so-called co-groupoids of homotopy theory end up providing
the first “standard model” of Hott+UF. Voevodsky basically

» Interprets the category Ctx as the homotopic category of (Kan)
simplicial complexes,
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IN TOPOLOGY: 00O-GROUPOIDS

The so-called co-groupoids of homotopy theory end up providing
the first “standard model” of Hott+UF. Voevodsky basically

» Interprets the category Ctx as the homotopic category of (Kan)
simplicial complexes,

» Types are then spaces and morphisms,
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IN TOPOLOGY: 00O-GROUPOIDS

The so-called co-groupoids of homotopy theory end up providing
the first “standard model” of Hott+UF. Voevodsky basically

» Interprets the category Ctx as the homotopic category of (Kan)
simplicial complexes,

» Types are then spaces and morphisms,

» But most importantly, propositional equality is now exactly

homotopic equivalence, and the stratified structure is an
oo-groupoid.
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VOEVODSKY’S THEOREM

Theorem (Voevodsky - 2012)

If we assume the existence of two inaccessible cardinals, then it is

consistent that the category sSet/ W forms a model of Martin-Lof’s
type theory together with the Univalence Axiom.

Notes:

» Two inaccessible cardinals is stronger than ZFC but very weak
among axiomatics of set theory.

» In the proof he uses the Excluded Middle at the level of
Propositions (1) and the Axiom of Choice at the level of Sets (2).
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SOME MORE RECENT RESULTS IN SYNTHETIC HOMOTOPY
THEORY

The following facts of Algebraic Topology have been proved (and
verified) in HoTT:

» 7;(S!) = Z (Shulman, Licata)

T(S") = 0if k < n (Brunerie, Licata)

mn(S") = Z (Brunerie, Licata)

The exact sequence of a fibration (Voevodsky)
The van Kampen Theorem (Shulman)

Covering Spaces Theory (Hou)

AR 2019 08/ \/
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AN “INTERNAL” CRITICAL POSITION: LURIE

Two critiques to the project:

» From outside: almost all theorems are algebraic topology - less
so of algebraic geometry, and really very few are of other
disciplines.

» More internally: Jacob Lurie in various posts shows scepticism
—the sort of scepticism of one of the great specialists of Higher
Topos Theory— and asks tough questions to HoT T proponents.
For instance, computing the fundamental group of S' x S! took
them years of work.
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PLURALIST PERSPECTIVE...

DZamonja’s mathematical pluralist perspective may be summarized
as follows:

» Univalent Foundations are really a foundation for the
constructive part of mathematics —the key point was to note
the connection between homotopy theory and type

» The use of proof assistants (Coq, Agda) may formalize an
important part of mathematics, and verify proofs.
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PLURALIST PERSPECTIVE...

» (Voevodsky) HoTT+UF is consistent modulo the consistency of
ZFC.

» Set Theory is still the important standard of consistency
(Voevodsky, Logic Colloquium 2013).
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SUMMARIZING...

» Set Theory: foundations for an
important part of mathematics in a
format consistent with usual
practice.

Mirna DZamonja
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SUMMARIZING...

» Set Theory: foundations for an
important part of mathematics in a
format consistent with usual
practice.

» Category Theory: a way of
modelling parts of mathematics that
depend on proper classes and where
universal properties are essential
—such as algebraic geometry.

Mirna DZamonja
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SUMMARIZING...

» Set Theory: foundations for an
important part of mathematics in a
format consistent with usual
practice.

» Category Theory: a way of
modelling parts of mathematics that
depend on proper classes and where
universal properties are essential
—such as algebraic geometry.

» Univalent Foundations: a novel
way of discussing proofs —obviously
a central and very important topic.

Mirna DZamonja
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BOURBAKI - A “HISTORICAL” VISION OF THE ROLE OF ZFC

Bourbaki in the first volume of Théorie des ensembles says:

.Scm
We know that, logically speaking, it is possible to derive all current

mathematics from a unique source, set theory. When doing this, we do not
pretend to write in stone a law; some day may come when mathematicians
will reason in a completely different way that is not formalizable in the lan-
guage we adopt here, and according to some, recent progress in homology
suggests that day is not far along. In that case we will have to enlarge the
syntax, even if it is not necessary to completely change the language. The
future of mathematics will decide.
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Ax10M SYSTEMS: CONSTITUTIONS?

» Rami Grossberg (in private communications) has described ZFC
as “a good constitution”: it may perhaps last long but it does
not have to be eternal.

» In light of the recent proofs and announcements (Mochizuki on
the abc Conjecture in 2014, controversy with Scholze and Stix),
and the lack of informed consensus on the matter among the
mathematical community at large, Voevodsky’s worry is
particularly relevant.

» A the time of writing (2021) the mathematical community has
no clarity of where the formalization of IUTT (Interuniversal
Teichmiiller Theory) takes place. Scholze and Stix’s isolating a
key lemma and reducing it to more classical algebraic geometry
is a possibility, but the stakes seem open.
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Grazie!

Fondamente Nuove - Apollonio Domenichini - 1770
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