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Axiomatizing the un-axiomatized. . .

And studying limitations to possible axiomatizations
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Given a model class K

(given as some amalgamation class, or some AEC, or a Fraïssé
class, or a Ramsey class, or a Hrushovski-Zilber approximation
system. . .

the question of its definability in some logic may be instrumental. . .
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Or. . .

If the Greeks were so attached to geometry, wasn’t it
that they thought by tracing lines, with no words? How-
ever (or maybe just because of that?) [they produced] a
perfect axiomatic! Euclid’s Postulates, construction. Lim-
iting what one is allowed to trace.

Simone Weil, Cahier III

4



Plan

Axiomatizing the un-axiomatized

Why so much stability theory in AECs?

Axiomatizing AECs: attempts old and new

On the Internal Logic of an AEC

5



AECs: why so much stability theory?

In AECs, we replace from the
outset the initial extreme
emphasis on φ, T, compactness

by more semantical notions:
≺K, f a morphism,
f ∈ Aut(C), etc.
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subgroup
subring
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AEC - the axioms, briefly

Fix K be a class of τ -structures, ≺K a binary relation on K.

Definition
(K,≺K) is an abstract elementary class iff

• K, ≺K are closed under isomorphism,

• M,N ∈ K, M ≺K N ⇒ M ⊂ N,

• ≺K is a partial order,

• (TV) M ⊂ N ≺K N̄,M ≺K N̄ ⇒ M ≺K N,

• (↘LS) There is some κ = LS(K) ≥ ℵ0 such that for every M ∈ K, for
every A ⊂ |M|, there is N ≺K M with A ⊂ |N| and ∥N∥ ≤ |A| + LS(K),

• (Unions of ≺K-chains) A union of an arbitrary ≺K-chain in K belongs to
K, is a ≺K-extension of all models in the chain and is the sup of the
chain.
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And really, a lot of examples (and model theory)

Natural constructions in Mathematics are examples of AEC (or
metric AEC)

1. Complete first order theories

2. Various classes axiomatizable in Lω1,ω or Lκω.

3. Metric AEC - stability theory started by Hirvonen and
Hyttinen, Usvyatsov, and continued by Zambrano and V.

4. Metric AECs and connections with operator algebras
(Hirvonen, Hyttinen)

5. Model Theory of Modules (Mazari-Armida)

6. AECs of C∗-algebras (Argoty, Berenstein, V.)

7. Zilber analytic classes (pseudoexponentiation)

8. Classes of ACVF?
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And quite a bit of stability theory

1. Categoricity Transfer

2. Superstability

3. Stability (canonical forking)

4. Simplicity for some AECs

5. NTP2 classes? (In process!)
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Axiomatizing an AEC: attempts (old and new)

• Shelah, V. 2020,

• Leung 2021.

Fix (K,≺K) an AEC with LS(K) = κ. We also assume all models
in K are of cardinality ≥ κ.

Earlier results:

• Shelah’s Presentation Theorem: K is PCκ,2κ .

There is
L′ ⊃ L, and there is ψ a sentence in L2κ+ ,ω, |L′| ≤ 2κ such
that K = {M ↾ L : M |= ψ},

• Shelah-Vasey: If LS(K) = ℵ0, K is ℵ0-stable and has the
ℵ0-AP, and I(ℵ0,K) ≤ ℵ0 then K is PCℵ0 .
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More

• Kueker: if K is closed under ≡∞,ω1-equivalence, L is
countable, then there is an L∞,ω-sentence axiomatizing K,

• Shelah, V. (2020): For arbitrary AECs K, we provide a
sentence in Lℶ2(κ)+3,κ+ , in the same vocabulary L of K,
axiomatizing K,

• Leung (2021): For arbitrary AECss K, a sentence in
L(2κ)+),κ+ (ω · ω), in the same vocabulary L of K but with a
“game quantifier”, axiomatizing K,

• Shelah, V. (in progress). A better bound: we reduce the
complexity of the sentence to L(2κ)+,κ+ , in the original
vocabulary!
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2020
Shelah-V.
K = Mod (ψK)
ψK ∈ Lℶ2(κ)+3,κ+

in vocabulary L

2021
Leung
K = Mod (ψLeung)
ψLeung ∈ L(2κ)+,κ+(ω · ω)
in vocabulary L
(The ω · ω refers to quantification of an EF game of
length ω · ω)
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better logic,

In late 2021, better bound: in
L(2κ)+,κ+

better bound, but use of
∀x0∃y0 . . . ∀xi∃xi . . ., i < ω · ω
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The mezcal test - Does M ∈ K?

M

S = S(K)
κ

κ · 2

κ · 3

κ · 4

κ · ω
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Idea of our axiomatization:
Fix an L-structure M. How can
we realize M as a direct limit of
small models N ∈ K?
(small = size κ = LS(K) )
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Realizing an arbitrary model as a limit

M = lim{N ⊆ M|N ∈ K}???

(Of course, we need a lot of constraints!)
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Towards this goal

We use the canonical tree of K: models of size κ = LS(K), with
universes

κ,κ+ κ,κ+ κ+ κ, . . .

and a whole “system of ≺K-elementary embeddings” between those
models:

16



SK: the canonical tree of K.
In SK, N1 ◁ N2 iff N1 ≺K N2.
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We now use syntax to. . .

. . . to “test” the model M - the test
membership in K

M must “pass” ℶ2(κ)++ + 2 tests (in 2020), or
just α < (2κ)+ tests (in 2021)
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Key Idea

Inside M (because of the sentences φα,0 it
satisfies), there are “densely” many models
of size κ, from the class K.

These form a ⊆-directed system (again, the
sentences. . . ).
Now, this per se is extremely weak to
guarantee that M ∈ K.
However. . . , as M |= φℶ2(κ)++2,0. . . the
system will also turn out to be a
≺K-directed system!
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Why directed?

However. . . , as M |= φℶ2(κ)++2,0. . . the system will also turn
out to be a ≺K-directed system!

Two combinatorial arguments:

• In 2020, using Komjáth-Shelah’s
partition relation for
well-founded trees.

• In 2021, we reduced complexity

Assuming N0 ̸≺K N1, using the tree
SK and the fact that M |= φα,0, we
build a tree of models converging
to the same model - by the axioms
of AEC’s we may conclude that
N0 ≺K N1 !
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Steps:

• Build the tree SK (ω levels κ · n, n < ω )

• Build sentences φ0,0,φ1,0, . . . ,φα,0, . . . capturing ever more
“history” of embeddings

• M |= φα,0 for α “high enough” implies (by very non-trivial
combinatorics) that M is a ≺K-direct limit of small models
from the class K !
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Leung’s strategy:

Leung’s strategy has similarities, but he replaces the combinatorics
by the game quantifier

∀x0∃y0∀x1∃y1 . . . ∀xi∃yi . . .

of length ω · ω.
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New Issues:

• The axiomatization shows new aspects of the AEC K, such as:

• Well-tuned complexity of K,

• Connections with categoricity and stability (NIP),

• Logical properties controlling ψK,

• Behaviour of
∏

i∈I Ai/U in terms of the logic,

• Bi-interpretability in AECs (Galois theory),

• K’s behaviour in forcing extensions.
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The Internal Logic of an AEC

A natural project: finding the internal logic of an AEC. On the face
of it, it would seem that an AEC is about a generalized sentence,
not about a logic per se. However, the fact they support so many
constructions from stability theory (towers of models, structural
control by [Galois] types, type omission, minimal pairs, stability
spectrum, canonical forking notions for stable AECs, group
configuration, etc.) raises the question of finding the natural
internal logic of the AEC.

We have now embarked on this large scale project.
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Two Internal Logics of an AEC

L1,aec
K < L2,aec

K
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The two logics

ψK ∈ L1,aec
K ,

fragment of L(2κ)+,κ+ containing
ψK (Shelah-V. 2021)

ψK ∈ L2,aec
K ,

second order interpretability of K
(Shelah-V. in progress)
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L1,aec
K

We close L(2κ)+,ω under ∀x, ∃x,
∧

i<2κ ψi, ¬ and ψK.

This can very easily define well-ordering!

(“Non-well orders” form an AEC, of very low “Scott rank”, in a
natural way!)
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For some classes K, the complexity can be extremely high: an AEC
may “simulate” Ehrenfeucht-Fraïssé games of arbitrarily high
complexity!

Other possibilities:

• Removing ¬ from L1,aec
K ?

• Comparing/adapting L1
κ ?

• Developing stability theory for L1
κ?

• Transfer stability theory to L1,aec
K ?

• Omitting Types for these logics ?
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Thanks! Kiitos paljon!
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