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MAXIMALITY

Lindstrém: The combination of Léwenheim-Skolem Theorem and
Compactness Theorem limits the expressive power of a logic to first
order.

First-order logic is thus in some sense optimal: adding expressive
power implies losing model-theoretic properties.

Are there other logics at a similar point of equilibrium?

Are there strict strengthenings of L, with a Lindstrom-type
characterization?
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2012.
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SHELAH’S RESPONSE: L]

For decades, there was no satisfactory solution to the question, until
2012.
For k uncountable with s = J,, the logic E,L is a solution.

Ly < /J,L —
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!The Léwenheim-Skolem number of a logic, if exists, is the least cardinal A such
that every sentence that has a model has a model of size < A.
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» The logic L] satisfies Interpolation.

» First Characterization Theorem for £}, Shelah [2012].
For an uncountable cardinal  such that x = 3y, the logic £
has strong well ordering number x, Léwenheim-Skolem
number! x and is a maximal such logic above L.

!The Léwenheim-Skolem number of a logic, if exists, is the least cardinal A such
that every sentence that has a model has a model of size < A.
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SOME GOOD PROPERTIES OF L}

» The logic L] satisfies Interpolation.

» First Characterization Theorem for £}, Shelah [2012].
For an uncountable cardinal « such that x = J,,, the logic £}
has strong well ordering number ~, Lowenheim-Skolem
number! x and is a maximal such logic above L.

(As expected, the proofs of these two facts are intertwined. Strong
well ordering number x may be regarded as a weak form of
Compactness, combined with a weak form of Lowenheim-Skolem.)

!The Léwenheim-Skolem number of a logic, if exists, is the least cardinal A such
that every sentence that has a model has a model of size < A.
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INTERPOLATION

> Craig(ﬁmw, £(2N)+H+) (Mahtz 1971)
If ¢ - ¢, where ¢ is a 7y-sentence and 1) is a 7»-sentence and
both are in L+, then there exists x € Lr)+,+ (71 M 72) such that

(@ Faetmal,
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If ¢ - ¢, where ¢ is a 7y-sentence and 1) is a 7»-sentence and
both are in L+, then there exists x € Lr)+,+ (71 M 72) such that

@ Eaeima
» Problem: Find £* such that
L < e E(Z”)*n*

and Craig(L*).
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INTERPOLATION

> Craig(ﬁmw, £(2N)+H+) (Mahtz 1971)
If ¢ - ¢, where ¢ is a 7y-sentence and 1) is a 7»-sentence and
both are in L+, then there exists x € Lr)+,+ (71 M 72) such that

@ Eaeima
» Problem: Find £* such that
L < e E(Z”)*n*

and Craig(L*).
» Shelah’s £ balances this: L, < L\ < L, and Craig(L]).
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Besides the natural connection to proof-theoretical aspects,
Interpolation has a deep and often surprising réle in model theory:

» Under Compactness, it is very close to Robinson Consistency
(Amalgamation Property) and Beth (Implicit Definability
implies Explicit Definability)
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WHY 1S INTERPOLATION AN IMPORTANT PROPERTY?

Besides the natural connection to proof-theoretical aspects,
Interpolation has a deep and often surprising réle in model theory:

» Under Compactness, it is very close to Robinson Consistency
(Amalgamation Property) and Beth (Implicit Definability
implies Explicit Definability)

» In the absence (or weakness) of Compactness, variants of
Interpolation and its friends (plus Uniform Reducibility of
Pairs) has deep connections with the (im-)possibility of defining
classes with non-rigid models (Caicedo 2004).
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WHY 1S INTERPOLATION AN IMPORTANT PROPERTY?

Besides the natural connection to proof-theoretical aspects,
Interpolation has a deep and often surprising réle in model theory:

» Under Compactness, it is very close to Robinson Consistency
(Amalgamation Property) and Beth (Implicit Definability
implies Explicit Definability)

» In the absence (or weakness) of Compactness, variants of
Interpolation and its friends (plus Uniform Reducibility of
Pairs) has deep connections with the (im-)possibility of defining
classes with non-rigid models (Caicedo 2004).

» We also saw an interesting use of Interpolation earlier here in
the work of DZzamonja and Parente (inconsistency flows and
preservation of formulas by sublogics), generalizing Van
Benthem’s result using Chu spaces.
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FURTHER MODEL THEORY OF L]

In more recent work (2021), Shelah has proved that when « is a
strongly compact cardinal, elementary equivalence =, has an
algebraic characterization (a la Keisler-Shelah for FO logic):

M EEI; N if 3 (Z/{i)i<w (Ilm Mw/ui ~ Ilm Nw/b{') 2

where the U; are k-complete ultrafilters.
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WHERE L] IS RATHER WEAK

The logic £]. is derived from a game, in the sense that a sentence is,
by definition, a class of structures, closed under a certain
Ehrenfeucht-Fraissé type of game.
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WHERE L] 1S RATHER WEAK

The logic £]. is derived from a game, in the sense that a sentence is,
by definition, a class of structures, closed under a certain
Ehrenfeucht-Fraissé type of game.

This results in the absence of a generative syntax, i.e. a syntax
defined in such a way that the set of all formulas can be obtained by
closing the set of atomic formulas under negation, conjunction,
quantifiers, and possibly other logical operations!
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WHY WOULD WE WANT A GENERATIVE SYNTAX?

The lack of generative syntax complicates, on one hand, applying the
great model-theoretic properties of £]. in real life situations, and on
the other hand, further study of it and logics in its neighbourhood.

» The method of Skolem functions.
» or simply induction on the complexity of formula ...

highly require generative syntax.
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WHY WOULD WE WANT A GENERATIVE SYNTAX?

The lack of generative syntax complicates, on one hand, applying the
great model-theoretic properties of £]. in real life situations, and on
the other hand, further study of it and logics in its neighbourhood.

» The method of Skolem functions.
» or simply induction on the complexity of formula ...
highly require generative syntax.
We believe that much more can be said about £} and even about

more general questions regarding logics derived from games, by
providing a generative syntax for L.
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SHELAH’S GAME D?(M, N).
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SHELAH’S GAME Dg (M, N) OF ORDINAL CLOCK (3.

v =
BO = 55 a’
fo:a® 2w, g,: M = Nap.i.
B1 < Bo, b X
fi:al = w, g, : M = Napi, g, 2 g
Constraints:

> len(a®) < 6

» f0(m) C dom(g,,) for m < n.

> ]

ne1(m) C ran(g,,) form < n.

3 wins if she can play all her moves, otherwise V wins.
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SHELAH'S GAME EQUIVALENCE (NOT [NEC.] TRANSITIVE!)

> M N'g N iff 3 has a winning strategy in the game.
> M E'g N is defined as the transitive closure of M Ng N.

» A union of < Jg,(f) equivalence classes of Eg for some 0 < k
and 3 < 0" is called a sentence of L.
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SHELAH'S GAME EQUIVALENCE (NOT [NEC.] TRANSITIVE!)

> M N'g N iff 3 has a winning strategy in the game.
> M E'g N is defined as the transitive closure of M Ng N.

» A union of < Jg,(f) equivalence classes of Eg for some 0 < k
and 3 < 0" is called a sentence of L.

Notice the weirdness!
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Cartagena Logic: a solution
A description of the Cartagena game
Boolean variables: avoiding tricky subformulas
A collapsing map from [,Eff' to L,
Cartagena recovered
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Our approach is the following:
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A soLUTION: CARTAGENA Logic (KiviMAKI, VAANANEN, V.)

Our approach is the following:

» We first define an expansion £8% of L,,.: Boolean expansion of
L,: exactly the same sentences as L, but a new kind of
variable allowed in formulas. These new variables allow, in a
sense, quantifying over moves in a game.
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Our approach is the following:

» We first define an expansion £8% of L,,.: Boolean expansion of
L,: exactly the same sentences as L, but a new kind of
variable allowed in formulas. These new variables allow, in a
sense, quantifying over moves in a game.

» We then define the Cartagena game, a simplified variant of
the game of £!. With the help of LB, we are able to build a

KK
syntax that completely corresponds to Cartagena game.
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A soLUTION: CARTAGENA Logic (KiviMAKI, VAANANEN, V.)
Our approach is the following:

> We first define an expansion L2 of £,.: Boolean expansion of
Lx: exactly the same sentences as L, but a new kind of
variable allowed in formulas. These new variables allow, in a
sense, quantifying over moves in a game.

» We then define the Cartagena game, a simplified variant of
the game of £ . With the help of £L2%!, we are able to build a

KK
syntax that completely corresponds to Cartagena game.

Two logics, one outside L, (with a new kind of
variables), and its projection inside L,,: L.
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A soLUTION: CARTAGENA Logic (KiviMAKI, VAANANEN, V.)

Moreover:

» We study model theory of Cartagena logic. Some of the good
properties of £! can be proved in a stronger form than in £].
This, as expected, results in a slightly weaker expressive power!
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A soLUTION: CARTAGENA Logic (KiviMAKI, VAANANEN, V.)

Moreover:

» We study model theory of Cartagena logic. Some of the good
properties of £! can be proved in a stronger form than in £].
This, as expected, results in a slightly weaker expressive power!

» However, Cartagena logic is not too much weaker than £, in a
way that can be made precise by means of the A-operator.

» Also, Cartagena logic does not have interpolation nor
Lindstrém Theorem, contrary to £}.
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A soLUTION: CARTAGENA Logic (KiviMAKI, VAANANEN, V.)
Moreover:

» We study model theory of Cartagena logic. Some of the good
properties of L] can be proved in a stronger form than in £]..
This, as expected, results in a slightly weaker expressive power!

» However, Cartagena logic is not too much weaker than L], in a
way that can be made precise by means of the A-operator.

» Also, Cartagena logic does not have interpolation nor
Lindstrém Theorem, contrary to £}..

Our main result, thus, is the existence of a good approximation to
logic L], with a simple generative syntax and rich model theory.
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Bo [ 2o ) /ﬁ
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B M N
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NOW, THE PROMISED SYNTAX - FIRST ATTEMPT

Our first attempt (with Vadnanen) came from scrutinizing the
Cartagena game:

» Between L, and L, closer to L,. However, it does not
define well ordering: the £, sentence

ﬂEliw /\ Xn+1 < Xn

new

is not equivalent to a Cartagena sentence.
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NOW, THE PROMISED SYNTAX - FIRST ATTEMPT

Our first attempt (with Vadnanen) came from scrutinizing the
Cartagena game:

» Between L, and L, closer to L,. However, it does not
define well ordering: the £, sentence

ﬂEliw /\ Xn+1 < Xn
new
is not equivalent to a Cartagena sentence.

» But this sentence is actually in L,,,,,,, therefore difficult to
naively avoid.
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NOW, THE PROMISED SYNTAX - FIRST ATTEMPT

Our first attempt (with Vadnanen) came from scrutinizing the
Cartagena game:

» Between L, and L, closer to L,. However, it does not
define well ordering: the £, sentence

ﬂEliw /\ Xn+1 < Xn
new
is not equivalent to a Cartagena sentence.

» But this sentence is actually in L,,,,,,, therefore difficult to
naively avoid.
» The crucial step to capture with the syntax of Cartagena Logic

needs to incorporate the act of partitioning a set into countably
many pieces (by player 3 ).
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BOOLEAN VARIABLES: RANDOMIZING SELECTIONS

More considerations:
» We need to deal with partitions W; = {f '{n} : n € w},
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BOOLEAN VARIABLES: RANDOMIZING SELECTIONS

More considerations:
» We need to deal with partitions W; = {f '{n} : n € w},
» We allow Boolean variables X range over subsets A of an
ordinal 6 (not over elements or subsets of an intended model!

in this sense, Boolean variables are neither first order nor
second order)
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BOOLEAN VARIABLES: RANDOMIZING SELECTIONS

More considerations:
» We need to deal with partitions W; = {f '{n} : n € w},

» We allow Boolean variables X range over subsets A of an
ordinal 6 (not over elements or subsets of an intended model!
in this sense, Boolean variables are neither first order nor
second order)

» “Delayed conjunctions:”

5\

f:0—w XeEWr

one of the two dual forms of Cartagena quantifiers
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MORE ON BOOLEAN VARIABLES

» Cartagena quantifiers are iterated, but only in front of
certain formulas...



Shelah’s Logic Z:][: the good and the missing Cartagena Logic: a solution
0000000000 0000000800000 000000000
! i

MORE ON BOOLEAN VARIABLES

» Cartagena quantifiers are iterated, but only in front of
certain formulas...

> to control the partitions (and avoid sneaky definitions of well
ordering: upward correct, downward correct formulas),
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MORE ON BOOLEAN VARIABLES

» Cartagena quantifiers are iterated, but only in front of
certain formulas. ..

> to control the partitions (and avoid sneaky definitions of well
ordering: upward correct, downward correct formulas),

» Boolean variables address the problem of incorporating into the
syntax the act of partitioning a set into countably many pieces,
by player 3 in Cartagena game.
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MORE ON BOOLEAN VARIABLES

» Cartagena quantifiers are iterated, but only in front of
certain formulas...

> to control the partitions (and avoid sneaky definitions of well
ordering: upward correct, downward correct formulas),

» Boolean variables address the problem of incorporating into the
syntax the act of partitioning a set into countably many pieces,
by player 3 in Cartagena game.

» Boolean variables X range over subsets of some 6: over
subtuples of some long tuple oy played by player V.
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MORE ON BOOLEAN VARIABLES

» Cartagena quantifiers are iterated, but only in front of
certain formulas...

> to control the partitions (and avoid sneaky definitions of well
ordering: upward correct, downward correct formulas),

» Boolean variables address the problem of incorporating into the
syntax the act of partitioning a set into countably many pieces,
by player 3 in Cartagena game.

» Boolean variables X range over subsets of some 6: over
subtuples of some long tuple oy played by player V.

» Then, when a Boolean variable X € BVarz takes a value A C 6,
this, in some sense, corresponds to fixing the subtuple

(07N & Qag.
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MAIN POINT OF BOOLEAN VARIABLES

By integrating Boolean variables into the syntax,
we allow formulas to be “undecided” about player
V’s choice concerning which piece of partition
should the game be continued with.
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THE KABUKI DEFINITION OF BOOLEAN EXTENSION LB"OI

Definition 1.3 (Baolean extension £82). Let X be an infinite regular cardinal

The
L£829_formulas are defined as follows.
1) Every atomic formula with variables in Var is an £3°-formula.
(2) I ¢ is an £8°'-formula then so is
e CARIAGENA LOGIC 7
N e oot %- . .
(3) 11 @ s set of £35°-ormulas of size < A, then (7) U g is an £55%-formula, X = (X;); € BVary is a tuple of Boolean variables of

length < A with X, ¢ BVar} and W, € 2(8,). then
)

v W
Ao,

el

are £ formulus N
(4) T @ is an £85-formula and 7 € Vary has length < A, then
! are L2 formulas,

For a singular cardinal 5, we let

R 8!
are £590-formulas.

(5) T {po s u € 0} ave L557-formulas, then so are the following:

A Boolean variable can occur only as a

(uninterproted) index set of a conjunction
ar a disjunction. The operation

uep(X)
@ wen(x)
0 from clause 5 is a logical operation that introduces X s a variable in the formula
i M ) ; It is not a “real” disjunction. Later, we will sce how to substitute a set A for X,
 provided that 0 <), X € BVar] and p: 2(6) > #(2(0)) is a function rosulting in a “real” disjunction
(6) I ¢ is an £89-formula, then so are the following;
. wepld)
Xew The definition for substitution is given below, Definition 1.11 milarly for the
; conjunction Muexy
EAY
Example 1.4. For example, the formula
provided that 6 < A and W e 2().

W P
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THE NEW STUFF

If {¢, : u C O} are ,C/B\()’\Ol—formulas, then so are all the following:

WA LN

uep(X) uep(X)

where 0 < A\, X € BVari and p : Z(0) - P(L(0)) is a function,

We No

xXew Xew

where 0 < X and C Z2(0), if X = (X;); C BVar, is a tuple of Boolean
variables of length < A with X; € BVarii and W, C £(6,), then

A\ N ¢

Xe[; Wi Xe[, Wi
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Formula constructions such as \{/ycyy @, Nxew @
» are neither first order nor second order: the Boolean variable X
ranges over subsets A C 6 for some ordinal 6,
> the constructs \/,c,x) Mxey are not “real” disjunctions or
conjunctions, they are logical operations that introduce X as a
variable in the formula
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MAIN POINTS OF LB

Formula constructions such as \{/ycyy @, Nxew @
» are neither first order nor second order: the Boolean variable X
ranges over subsets A C 6 for some ordinal 6,
> the constructs \/,c,x) Mxey are not “real” disjunctions or
conjunctions, they are logical operations that introduce X as a
variable in the formula

» an involved definition of substitution maps these new
Boolean variable formulas into “usual” formulas of £,
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THE coLLAPSE TO CARTAGENA LoOGIC

A global valuation is a tuple A = (Ax)xcpyar, such that Ax C 0
whenever X € BVar?.
Every global valuation A uniquely determines a mapping

Bool A
Lo -flas — L.-flas

via the substitution

H(x, X) — (X, A).
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SEMANTICS OF CARTAGENA LoOGIC

With valuations we get semantics:
Let ¢(x, X) be an £8%!-formula. For a structure M, a tuple a € M*
and a valuation A of X, we denote

M |= 9@ A)

if M = ¢(x, A)[a/x], where ¢(X, A) is understood as an L,-formula
in the natural way, and [a/x] denotes the ordinary substitution of a
for X, defined for the logic L.
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THE SYNTAX WORKS

Theorem (Kivimaki, Vadnanen, V.)
The syntax thus defined captures the Cartagena game:

M =g N iff 3 has a winning strategy for the Cartagena

game of M, N.
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THE SYNTAX WORKS

Theorem (Kivimaki, Vadnanen, V.)
The syntax thus defined captures the Cartagena game:

M =g N iff 3 has a winning strategy for the Cartagena
game of M, N.

The proof requires dealing with partitions and their refinements,
and uses heavily the notion of formulas being “downwards/upwards
correct” - the restriction in the definition of the induction.
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CARTAGENA SYNTAX: THE COLLAPSE OF BOOLEAN LOGIC

With the previous, the syntax of Cartagena Logic is the image of the
collapse logical operator, inside L.

Before stating the model-theoretic properties of Cartagena Logic, let
us ponder a moment on this fact:
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With the previous, the syntax of Cartagena Logic is the image of the
collapse logical operator, inside L.

Before stating the model-theoretic properties of Cartagena Logic, let
us ponder a moment on this fact:

» The “randomized variable” seems necessary to control the
selection of partitions corresponding to 3’s moves in the
game: choosing “too soon” wreaks the logic!
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With the previous, the syntax of Cartagena Logic is the image of the
collapse logical operator, inside L.

Before stating the model-theoretic properties of Cartagena Logic, let
us ponder a moment on this fact:

» The “randomized variable” seems necessary to control the
selection of partitions corresponding to 3’s moves in the
game: choosing “too soon” wreaks the logic!

» The collapse maps 75 suggest interesting “fibers” or maybe
even continuity - in the case of first order logic, this is very
close to Keisler’s randomized models.
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CARTAGENA SYNTAX: THE COLLAPSE OF BOOLEAN LOGIC

With the previous, the syntax of Cartagena Logic is the image of the
collapse logical operator, inside L.

Before stating the model-theoretic properties of Cartagena Logic, let
us ponder a moment on this fact:

» The “randomized variable” seems necessary to control the
selection of partitions corresponding to 3’s moves in the
game: choosing “too soon” wreaks the logic!

» The collapse maps 75 suggest interesting “fibers” or maybe
even continuity - in the case of first order logic, this is very
close to Keisler’s randomized models.

» The method of “randomizing” (in first order, continuous
first order) has proved extremely fruitful. This is the first
situation where (to our knowledge) this happens in
infinitary logic!
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MobDEL THEORY

Shelah’s £} has interpolation, Lindstrom, strong well-ordering
number « (all of these for uncountable x = J; ). Moreover, if & is
strongly compact, £]. has a weak version of the “Keisler-Shelah”
phenomenon.

Our Cartagena Logic shares the strong well-ordering number «. It
does not satisfy interpolation nor Lindstrém, but has better
behaviour with respect to unions of elementary chains and
potentially better control of definability (at least, explicit!).
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How expricIiT?

The following classes of structures are definable in the Cartagena
logic L, for each cardinal 0 < x:

1. Models of cardinality 0, as well as models with a predicate or a
definable subset of size 6.

2. Graphs with a clique of size 6.

3. Graphs of size  that admit an w-coloring.

4. For each cardinal 6 < x of uncountable cofinality: §-Aronszajn
trees.

5. Partially ordered models with an uncountable descending chain.
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EXPLICIT EXAMPLES (TWO OF THE PREVIOUS):

» Graphs with an w-coloring The class of graphs of size 6,
colorable by w colors:

Vg \/ A\ M\ =E(xi, x;)

f:0—w X&r \{ijle[X]?

plus graph axioms and the sentence that defines models of size
6.

» Long descending chains: Let ¢ := w;. The sentence

W AWW A 5

f:0—w Xer ue[X] {ijielul’,
I<)

defines the class of models with an uncountable descending
chain.
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THE DISTANCE BETWEEN CARTAGENA LoGIC AND L]

For comparison:
» (Véddnanen, Velickovi¢): (R,<) Z.1 (R\{0}, <),
> (We prove:) (R, <) =¢c (R\{0}, <).

So, Lk E;.
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THE DISTANCE BETWEEN CARTAGENA LoGIC AND L]

For comparison:

> (Vadninen, Velickovic): (R, <) .1 (R\{0}, <),

> (We prove:) (R, <) =¢c (R\{0}, <).
So, LR L4
But we also prove that A (£%) = £]. In fact, a second
Lindstrém-type theorem (Shelah, 2012) shows minimality of £/ as
the logic above L, which is A-closed and in which the class of

models with a technical property (shared by the two logics) called
w-covering up to 6 is definable, for each 0 < k.
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THE DISTANCE BETWEEN CARTAGENA LoGIC AND L]

For comparison:

> (Vadninen, Velickovic): (R, <) .1 (R\{0}, <),

> (We prove:) (R, <) =£¢ (R\{0},<).
So, Lk E,L.
But we also prove that A (£%) = £]. In fact, a second
Lindstrém-type theorem (Shelah, 2012) shows minimality of £/ as
the logic above L, which is A-closed and in which the class of
models with a technical property (shared by the two logics) called
w-covering up to 6 is definable, for each 0 < k.
The w-covering property is heavily used by Shelah in the analysis of
L], and we also prove it for Cartagena logic (and use it).
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OPEN QUESTIONS

| 2

IVERVER VRV,

Computation of types in our syntax (and types in Boolean
expansion) - for the first order case, this is essentially Keisler
(and Fajardo’s analysis of typespaces at the start of his
extension of Keisler’s logic),

Develop more stability theory
Connections with AECs seem obvious, but limited
Use this syntax to create topological analysis of the logic(s)

Explore automorphisms (Caicedo 2004: Int+URP implies that
every definable class must have a non-trivial automorphism, so
well-ordering in particular cannot be definable).

Hanf numbers - with Aguilera, Kiviméki and Vadnanen, now
in progress!
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